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Chapter 1 
Introduction 


One of the major problems of present-day particle physics is to understand the mechanism 
which is responsible for electroweak gauge symmetry breaking (EWSB). The standard 
model of particle physics (SM) assumes that this phenomenon is caused by the condensa¬ 
tion of one type of Higgs bosons. In view of the phenomenological success of the SM its 
prediction that there exists a neutral Higgs boson must be taken very seriously. Neverthe¬ 
less it is a fact that within the SM electroweak symmetry breaking is only parametrized 
but not explained. Therefore theorists have been investigating extensions of the SM which 
offer a more satisfactory treatment of this phenomenon. These include supersymmetric 
models and models of dynamical gauge symmetry breaking - see Section 11.21 It is be¬ 
lieved that the experiments which will be made at future accelerators, especially at the 
Large Hadron Collider and at the future planned electron-positron collider, will permit a 
qualitative improvement in the understanding of this mechanism in the near future. 

In this thesis we investigate a class of models known as top-condensation models 
niiaEiiiEi. Top-condensation models are special cases of models that aim at providing 
a dynamical reason for electroweak symmetry breaking (H] . The aim of this work is to for¬ 
mulate a phenomenologically acceptable model within this class, in which the dynamical 
breaking of the electroweak symmetry causes also the breaking of the CP symmetry. 

The content of the thesis is as follows. We start in this Chapter introducing the stan¬ 
dard model, discuss its limitations, and thereby motivate its extentions. In Chapter El we 
introduce the concepts of spontaneous and dynamical CP breaking. Then in Chapters El 
El andElniinimal top-condensation models are studied within the Nambu-Jona-Lasinio ap¬ 
proach. Chapter El contains the central part of this thesis. Here, a three-generation model 
of dynamical gauge and CP symmetry breaking is presented. It is shown that this class 
of models leads, for a range of four-quark couplings, to the correct ground state. Thus, 
dynamical generation of gauge boson and quark masses, quark flavor mixing angles, and 
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in particular, dynamical generation of the CP-violating phase of the Cabibbo-Kobayashi- 
Maskawa matrix is realized. In Chapter [7| we make use of a complementary method based 
on the renormalization group in order to compute for a class of top-condensation models 
the values of the top-quark and spin-zero bound state (composite Higgs bosons) masses 
at low energies. Finally in Chapter |H1 we give a summary and present our conclusions. 

1.1 The Standard Model 

In this Section we review the standard model of electroweak (EW) interactions. In the 
first Subsection we discuss the electroweak gauge bosons and fermions. Then in the second 
Subsection we review the mechanism of electroweak symmetry breaking. For this purpose 
the SM postulates a scalar particle, the Higgs boson, which so far has not been observed 
in laboratory experiments. The SM model does not predict the value of the Higgs boson 
mass. It predicts, however, the couplings of this particle to gauge bosons, fermions, and 
its self-couplings in terms of the measured masses. A major experimental effort at future 
colliders is therefore to search for the Higgs particle and, if it is found, to measure its 
couplings. After that in Section 11.21 we briefly discuss some unsatisfactory aspects of 
the SM which motivate extensions of it, in particular, alternative models of electroweak 
symmetry breaking. 

1.1.1 Gauge Bosons and Fermions 

The EW interactions are described with an impressive precision by a weakly-coupled gauge 
theory with gauge group SU{2)l x U{1)y- (The indices L and Y refer to left-handed and 
the weak hypercharge, respectively.) The four gauge bosons are the photon 7 , the neutral 
boson, and the charged bosons. These particles are described by the four vector 
fields A^{x), 2'°(x), and respectively. The experimental values of the gauge boson 

masses are^ 


= 0 (< 6 X 10 eV), 

mz = 91.1876 ±0.0021 GeV, (1.1) 

mw = 80.425 ± 0.038 GeV. 

The fact that the and bosons are massive is at first sight not compatible with 
gauge invariance because mass terms for gauge bosons in the Lagrangian of the theory 
are not invariant under local gauge transformations. In order to see this in more detail 


^ All experimental values are taken from [ 7 | unless stated otherwise. 




1.1: The Standard Model 


3 


we present below the infinitesimal SU{2)l x U{1)y gauge transformations of gauge fields. 
We shall see in the next Subsection how the concept of a spontaneously broken symmetry 
solves this apparent incompatibility. 

Vector fields appear naturally in a theory by demanding it to be invariant under lo¬ 
cal transformations. These fields are used to construct gauge-invariant kinetic terms for 
fermions and bosons. In the SM we associate to the gauge groups SU{2) and U{1) the 
vector fields a = 1,2,3, and respectively. As we see below, linear combi¬ 

nations of these fields correspond to the mass eigenstate fields A^(a;), Z^{x), and IT’^(a;). 
Under infinitesimal SU{2) x U{1) gauge transformations the gauge fields transform as 



( 1 . 2 ) 


where gi and P{x) are the gauge coupling constant and the gauge transformation pa¬ 
rameter related to the U{1) group. For the non-abelian SU{2) group the corresponding 
expressions are given by g 2 and Q(“(x), respectively. In this case the gauge group pos¬ 
sesses three generators and hence three gauge fields and three transformation parameters 
numerated by a = 1, 2, 3. Besides, the Lie algebra of the SU{2) group is given by 




(1.3) 


where T“, with a = 1, 2, 3, denote the generators of the group and the structure constants 
^abc chosen completely antisymmetric with the normalization = -|-1. Now we can 
see from Eqs. that gauge boson mass terms, for instance | are not gauge 

invariant. 

Gauge fields allow to construct covariant derivatives and with them gauge-invariant 
kinetic terms for fermions and bosons. The SU{2) x U{1) gauge transformation of a 
fermionic or bosonic field T in the fundamental representation of the SU{2) and with a 
f/(l) charge Y is given by 



(1.4) 


which for infinitesimal transformation parameters can be approximated to 


T(a ;)—^ {1 + ia^a'^/2 + iYP{x)) T(x), 


(1.5) 
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where (t“, with a = 1,2,3, are the Pauli matrices (cr“/2 fulhll Eq. (I1.3j) i. The covariant 
derivatives acting on these helds are dehned as: 


Di, = d^- igiAl(x)(j‘‘12 - 


( 1 . 6 ) 


Covariant derivatives of the held T are objects which contain a derivative of the held 
T and transform under gauge transformations like the held itself: 


D^^{x) (1 + taV 72 + lYp^x)) D^^{x). 


Using these objects it is possible to write gauge-invariant kinetic terms 


(1.7) 


A!iI)>A!(x), (B„'I')t(B'‘*), (1.8) 

for fermions and scalars, respectively. 

In the SM there are three generations of fermions. Each generation contains leptons, 
which do not feel the strong interactions directly, and quarks that do. In each lepton gen¬ 
eration there is a left-handed SU{2) doublet and a right-handed SU{2) singlet (we ignore 
here the recently established fact that at least two of the three neutrinos are massive). 
Similarly, each quark generation contains one left-handed SU{2) doublet and two right- 
handed SU{2) singlets. In addition quarks transform under the 5'17(3)coior gauge group 
in the fundamental representation and couple to gluon fields as described by Quantum 
Chromodynamics (QCD). The weak U{1) hypercharges Y of the SM fermions are given in 
Table 11.11 Apparently no logical structure governs them. However they appear in nature 
in such a way that the theory has no anomalies related to the gauge symmetry currents. 
A weak hypercharge assignment like this can naturally be implemented in grand unified 
theories (GUTs). 

We also quote the masses of the SM fermions. The experimental values of the lepton 
masses are (without error bars) 

me = 0.511 MeV, 

= 106 MeV, (1.9) 

TUr = 1777 MeV, 
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Y 

Q = T^-Y 

'PiL 

-1/6 

2/3 

-1/3 

UiR 

-2/3 

2/3 

diR 

1/3 

-1/3 

LiL 

1/2 

0 

-1 

^iR 

1 

-1 


Table 1.1: Table showing the weak hypercharges Y and the corresponding electric charges Q 
of the left- and right-handed fermions of the SM. 

and those of the quark masses are^’^ 


rriu = 1.5 to 4 MeV, rric = 1.15 to 1.35 GeV, = 178.0 ± 4.3 GeV, 

rud = 4 to 8 MeV, rris = 80 to 130 MeV, rrib = 4.1 to 4.4 GeV. 

Note that the heaviest fermion is about 5 orders of magnitude heavier than the 
one (without considering neutrino masses which would increase this ratio). 

Like the gauge boson mass terms, SM fermion mass terms are not invariant under 
SU{2)l X U{1)y gauge transformations. Fermion mass terms are invariant only under 
transformation which treat the right- and left-handed fermion helds in the same way. 
The four-dimensional SU{2)l x U{1)y gauge group has a one-dimensional subgroup of 
this type, namely the U{1) electromagnetic one. This is related to the long-range electro¬ 
magnetic force, mediated by the massless photon and is an exact symmetry of nature. 

Using the gauge-invariant fermionic kinetic term given in Eq. (EHl), with the weak 
hypercharges taken from Table 11.11 we obtain the SM fermion kinetic terms (without 
considering the strong interactions): 


( 1 . 10 ) 

lightest 


C D Lji ilp LjL + ejR ilj) CjR + 'ijjjL Hp 'PjL + Ujr ilp Ujr + djR iip djR, (1.11) 



^The values of the u, d, and s quark masses are estimates of so-called “current-quark masses”, in a 
mass-independent subtraction scheme such as MS at a scale r rv 2 GeV. The c and b quark masses are 
the “running” masses at /i = rric, rub in the MS scheme. 
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where Lj^ = {vjLi and 'i/'jL = {uj^, dji)'^, with j = 1,2,3, are the left-handed 

leptons and qnarks, respectively. The right-handed leptons are denoted by while UjR 
and dju correspond to the right-handed quarks. The previous quark helds are in the weak 
basis. As we see later, they are related to the mass eigenstate quark helds by a chiral 
t r ansformat ion. 

Before turning to the spontaneous symmetry breaking mechanism of the SM we con¬ 
sider the kinetic terms for the gauge helds A“(a;) and The abelian f/(l)y and 

non-abelian SU{2)l groups possess the following Yang-Mills terms: 

( 1 . 12 ) 

with 


Hfiu — dyB^, 

F;^ = dyA:-a,A‘+g,€-^AlAt. 

The non-abelian part of Eq. (ITTT^ contains triple gauge couplings (proportional to 5 ^ 2 ) 
and quartic gauge couplings (proportional to g"^)- There is a strong evidence, remarkably 
from electron-positron scattering experiments at LEP [^, that the gauge bosons with 
masses given in Eq. (ED self-interact as dictated by the Lagrangian given in Eq. (HHD. 
The relations between the mass eigenstates helds A^{x), Z^{x), and lT^((r) and the helds 
A“(a;) and B^[x) are given by 


“ / 2 2 - g 2 Bfj,), 

y Qi + 92 

^ / 2 2 ^32^1 + giB^), (1-14) 

ygi + gi 

The Yang-Mills Lagrangian (Eq. (11.121) 1 predicts the structure and strength (in terms'^ of 
gi and g 2 , or equivalently, in terms of e and sin^.^,) of the interactions of the electroweak 
gauge bosons among each other. The following vertices exist at tree level: 

VP+lp-y, W+W-Z^, lE+lY-77, 

W+W-Z^Z^, IE+IE-7ZO, W+W-W+W-. 


^Approximate values of the gauge coupling constants at scales /r « 0 are given by 5i/47r = 0.01 and 
gl/47r = 0.03. 
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The 'W^'W~'y and W~^W~Z'^ interactions and thus the non-abelian nature of the W^, 
boson interactions were conhrmed by experiments at LEP which investigated PP-boson 
pair production: e"*" e“ —> W~^W~ jH]. 

1.1.2 Standard Model Higgs Mechanism 

We reviewed in the last Subsection that the SU{2)l x U{1)y gauge symmetry, which 
dictates the dynamics of the EW sector, is spontaneously broken to the electromagnetic 
f/(l) group. This can be seen from the fact that the weak gauge bosons and the quark and 
leptons are not massless. Classically speaking, a spontaneously broken symmetry is a sym¬ 
metry of the equations of motion but not a symmetry of the solution of these equations. 
A well known example of this phenomenon from condensed matter is: Although the La- 
grangian of a ferromagnetic material is invariant under spatial rotations, at temperatures 
below a critical one the spins of the molecules tend to point in the same direction, break¬ 
ing spontaneously the rotational symmetry of the Lagrangian. The symmetry breaking 
takes place because the non-symmetric configuration is energetically favorable. A similar 
situation occurs in the SM where the vacuum (or ground state) of the theory does not 
respect three of the four SU{2)l x U{1)y gauge symmetries of the Lagrangian. 

The SM model is a renormalizable weakly-coupled theory where the gauge boson 
and fermion mass terms appear in the gauge-invariant Lagrangian as a consequence of 
the condensation of an elementary scalar held, the Higgs held H. This held H has a 
weak hypercharge Yh = 1/2, is a doublet under the SU{2)l group, and a singlet under 
the SU{?>)co\oT group transformations. A vacuum expectation value (VEV) of this held 
diherent from zero, i.e. < HI iL |r 2 > 7 ^ 0 , causes exactly the symmetry breaking pattern 
described in the last Subsection. 

All possible gauge-invariant hermitian operators of dimension four or less which involve 
the Higgs held form part of the Higgs Lagrangian: 


-^Higgs — {D^H)\D^H) + /^Yukawa “ V- (1-16) 

The hrst is the Higgs kinetic term, the second contains the Higgs-fermion interaction, and 
V is the Higgs potential, a function only of the Higgs held: 

V(H) = (1.17) 

The potential possesses two parameters, and A. In order for V(II) to be bounded 
from below A must be bigger than zero. If < 0 the minimum of the potential is 
located at iL = 0, which is a held conhguration invariant under SU{2)l x U{1)y gauge 
transformations. In this case the EW symmetry remains unbroken. On the other hand 
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for > 0 the minimum is located at = [j? j A. A VEV of H different from zero is 
not invariant under general EW gauge transformations but only under a U{1) subgroup 
of them. Three of the four symmetry generators of the group are broken in this way. This 
corresponds to the situation observed in nature. 

We consider in the following the theory in the unitarity gauge where three of the four 
real components of the held H are gauged away: 

Hi.) = ± (>' , (1.18) 

where the factor 1/a/2 provides the real held h(x) with the conventional normalization. 
The constant v = corresponds to the VEV of the Higgs held and the held h(x), 

with VEV < f2| h{x) |f2 >= 0, is the only remaining scalar degree of freedom in this gauge. 
Inserting the Higgs VEV into the kinetic term given in Eq. (Il.lf)|l we obtain the gauge 
boson mass terms: 


4auge-mass = ^ (1.19) 

where 


= \lgl + gl 

V 

fnw = 5'2 -• 


V 

2 ’ 


( 1 . 20 ) 


In order to get the observed gauge boson masses the Higgs VEV must be u = 246 GeV. 
This can be seen as the only dimensionful parameter of the SM and is responsible for 
setting the EW scale. The whole Higgs kinetic term is given by 




- dah d^h + 
2 ^ 


m| + 


ml, W^W-i^ 



( 1 . 21 ) 


Besides the gauge boson mass terms this includes an ordinary kinetic term for the real 
held h{x) and gauge boson-Higgs interactions. 

We turn to the Higgs potential in the unitarity gauge. Inserting Eq. (ITTHD into 
Eq. (jl.l7|l we get the Higgs potential as a function of the held h{x) which describes 
displacements around the potential’s minimum 

V (ft) = 1 ml + Itift^" + 


(1.22) 
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where we neglected a constant term. In this tree level treatment the mass of the Higgs 
particle is given by 


ruh = v\f\. (1-23) 

The other two terms of the potential are the triple and qnartic Higgs self-couplings. The 
mass of the Higgs particle, together with n, completely fixes the Higgs potential. Once 
one knows the mass of the SM Higgs boson, the triple and qnartic Higgs self-couplings 
are predictions of the theory. 

What is known about the SM Higgs particle from experiment? The direct search for 
the production of the Higgs particle at LEP led to the lower bound [7]: rrih > 114.4 GeV. 
On the other hand, calculating electroweak precision observables including quantum cor¬ 
rections within the SM and using these formulae in global fits to the corresponding ex¬ 
perimental data yields an allowed range for the SM Higgs boson mass. With the re¬ 
cently updated value of the mass of the top quark such a fit yields the upper bound |H]: 
mh < 251 GeV at the 95% confidence level. 

Finally, the Yukawa term of Eq. is given by 


-^Yukawa — —{ Qki i^kLUiR H + hki i^kL^iR + hi Llj^eiR H^* + h.c. ), (1-24) 

where the Yukawa couplings gki, hki, and hi are three completely arbitrary 3x3 matrices. 
Inserting Eq. into /^Yukawa we get mass terms for fermions. Because the Yukawa 

matrices are arbitrary, the fermion mass terms are in general non-diagonal in flavor space. 
In order to diagonalize the fermion mass matrix it is necessary to perform unitary rotations 
of the chiral helds. For the quarks these rotations are given by 


UiR = ITi“ m' r, UiL = U^j m'x, 

d^R = Wf^ 4^, d,R = Ui 4^, 


(1.25) 


where f/'^, IY“, W‘^ are basis transformation matrices, and the primed helds denote 
the quark helds in the mass basis. In the leptonic sector we diagonalize hi by means of 
similar transformations. After have diagonalized the Yukawa matrices Eq. (I1.24|) is given 
by 


>^^Yukawa = - rU f f f |^1 , (1.26) 

where —mf f'f' are mass terms for the SM fermions. The values of the masses are given 
hj THf = Xfv/\/2, where A/ denote the eigenvalues of the three Yukawa matrices. Besides, 
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in Eq. (fT^ we see fermion-Higgs interaction terms with coupling constants proportional 
to the fermion masses. 

The Lagrangian of the SM is not invariant under the chiral rotation we dehned in 
Eq. (11.2511 . In addition to the quark mass terms, there are two other terms in the 
Lagrangian which are not invariant under this transformation, the QCD 6(-term and the 
term containing the charged current. 

The QCD 6-term is a dimension 4 operator which is non-invariant under a discrete P 
(parity) transformation and under CP (charge conjugation together with parity) trans¬ 


formations: 



(1.27) 


■0—term 


where the parameter 6 sets the strength of the interaction, Ostrong is the strong coupling 
constant, is the gluon field strength tensor, and G'^'^ its dual tensor. This operator 
reflects the non-trivial structure of the of the QCD vacuum. 

As a consequence of the chiral anomaly, the chiral transformation of the quark fields 
given in Eq. (It:^ modifies the parameter 6: 


(1.28) 


6 —> 6 = 6 + arg det M , 


where A4 is the quark mass matrix in the weak basis. The QCD 6i-term induces CP- 
violating effects in flavor diagonal quark amplitudes, in particular an electric dipole mo¬ 
ment of the neutron. For this observable a very stringent upper bound has been obtained 
experimentally. This gives a very stringent upper bound for the parameter 6, namely 
\ 6 \ < 10 “®. 

Why the value of 6 is so small or maybe zero, including an interplay between 6 and 
A4 in Eq. (USED, is still an open question. This is called the strong CP problem nm. 

The other part of the Lagrangian which is not invariant under chiral transformations 
of the quark helds is the charged current. From Eq. (mn) we get the interaction term 
between the charged lE^ bosons and the left-handed quarks. The gauge boson W~^ 
couples to the current 



(1.29) 


Using Eq. (031) one obtains the charged current in the quark mass basis: 



(1.30) 
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where the unitary matrix V is given by 

Vij = (1.31) 

If one considers only two quark generations, the complex phases in V can be absorbed by 
means of redehnitions of the quark fields. V is then a orthogonal matrix parametrized by 
the Cabibbo angle 


V 


f cos 9c sin 9c 
sin 6'c cos 9 c 


( 1 . 32 ) 


Including the three quark generations the matrix V contains 3 rotation angles and one 
CP-violating phase (starting from a general 3x3 unitary matrix, redefinitions of the 
quark fields do not remove of all the phases). This is the Cabibbo-Kobayashi-Maskawa 
(CKM) matrix. The entries of the CKM matrix can be obtained experimentally from 
data on weak decays of quarks and, in some cases, from neutrino deep inelastic scattering. 
Assuming unitarity and the existence of only three families of quarks, the CKM matrix 
in the standard parametrization, is given by 


where 


T/(std) _ 

^CKM ~ 


Vi V2 Ka, 


(1.33) 


A 


0 


0 


Ki = I 0 cos 9y sin^y ) , 14 = 
T — sin 9,, cos 6*,, 


cos6l^ 0 sin 6*^6 
0 1 0 

• sin 9re^'^ 0 cos 9 


, 14 = 


cos 9x sin 9x 0^ 
- sin 9x cos 9x 0 


The following are reference values for the three angles and the phase j7]: 


0 1 , 

(1.34) 


9^ ^ 0.226 ; 


9y ^ 0.041 ; 9, ^ 0.0037 ; 0 ^ 7r/3 . 


With these values one obtains, to three decimals in each matrix entry: 


( 1 . 36 ) 


T/(std) _ 

^CKM ~ 


/ 0.973 

-0.233 

\0.008 - 0.003 i 


0.233 0.002- 0.003 i 

0.972 0.041 

-0.040 - 0.001 i 0.999 


( 1 . 36 ) 


At present all CP-violating phenomena found in laboratory experiments can be explained 
by the phase (j) of the CKM matrix. 
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For leptons the situation is somewhat different because they do not transform under 
SU{3)co\or, having no contribution to the QCD 6'-term. Further, it is known by now that 
at least two of the three neutrinos are massive, but we do not know whether neutrinos 
are Dirac or Majorana fermions. If neutrinos are Dirac particles then the structure of 
the charged weak leptonic current in the mass basis is completely analogous to the quark 
sector, with a leptonic mixing matrix Viept IH] which has four observable parameters: 
three angles and one CP-violating phase. If neutrinos are Majorana particles then Vjept 
contains three angles and three observable CP-violating phases. In the remainder of this 
thesis we shall ignore neutrino masses and discuss only the quark sector. 

1.2 Alternative Models of EWSB 

In this Section we discuss some unsatisfactory aspects of the SM. In particular we concen¬ 
trate on three features, or problems, related to the Higgs sector of the model. Then, we 
turn to some extensions of the SM and comment on how they could solve these problems. 

The SM successfully describes the strong and electroweak interactions. It parametrizes 
the EWSB, but cannot be considered as an explanation of this phenomenon. In the SM 
the dimensionful parameter of the Higgs potential /i^ is chosen to be positive (see the 
convention in Eq. (IIT7D), yielding EWSB. This choice is possible but is not explained by 
any dynamics. A more satisfactory theory would explain dynamically why this symmetry 
breaking takes place. 

Let us mention a second aspect. The (3 function related to the Higgs self-coupling A is a 
positive quantity, leading to a Landau pole and to triviality of the theory 1121112] • The 
theory is trivial in the sense that if one demands it to be valid up to arbitrary large energy 
scales, then the renormalized Higgs self-coupling A must go to zero, that is, the theory 
becomes a non-interacting one. Triviality of the A0^ theory has been also confirmed by 
simulations on the lattice [migiiniiniiiHi- Besides, it is believed that the inclusion of 
the SM gauge and Yukawa interactions do not affect the previous conclusions. Triviality 
implies that the SM must be considered as an effective theory valid below some cutoff scale 
ATriviaiity which is associated with the Landau pole. Imposing the condition rrih < Axriviaiity 
one gets an upper bound for the Higgs boson mass, rrih = 0{1 TeV) [121 [2011211 • 
important point is that the Landau pole is connected with the appearance of new physics. 
After fixing the Higgs mass, and therefore the position of the Landau pole, new physics 
must appear at energies of the order ATriviaiity or below (it is possible that new physics 
appears before the Landau pole is reached). 

Another unpleasant feature of the SM is the hierarchy problem. In the SM there is no 
explanation of why the EWSB scale is 246 GeV (and not 20 orders of magnitude higher 
or lower). This is of course closely related to the hrst unsatisfactory aspect of the SM 
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we mentioned. Specifically, the hierarchy problem is the lack of an answer to the ques¬ 
tion why the EWSB scale is much smaller than the GUT (Agut ~ 10^^ GeV) or Planck 
(Apianck ~ 10^® GeV) scale. Another important physical scale is Aqcd ~ 100 MeV. The 
generation of this scale is however understood from dimensional transmutation. QCD 
is an asymptotically free theory where the running coupling 0:3 increases logarithmically 
with decreasing energy scale. Therefore starting at the energy scale Aqut with a value 
of 0:3 smaller but of order 1 , this coupling constant becomes naturally non-perturbative 
at the scale Aqcd ^ Agut- In this way a dimensionless parameter of the model (0:3) can 
be expressed in terms of a dimensionful one (Aqcd)- Many of the extensions of the SM 
include new asymptotically free gauge interactions in order to provide a solution to the 
EW hierarchy problem. Closely related to this problem is the hne-tuning problem. Ra¬ 
diative corrections to the squared Higgs mass are proportional to A^, which is the upper 
limit of the validity range of the theory used as cutoff regulator. These huge corrections 
occur because there is no (approximate) symmetry which protects the Higgs mass. Ra¬ 
diative corrections to other parameters of the SM diverge only logarithmically. In order 
to have a prediction for the Higgs mass of the order of the EW scale (the order of the 
tree level value) huge hne-tunings between the divergent quantum corrections and their 
counterterms must be made order by order in perturbation theory. One can, however, 
adopt a pragmatic point of view and make the cancellation of the divergent quantities 
without considering it as a problem. 

Among the many extentions of the SM that have been proposed we would like to men¬ 
tion three types, namely supersymmetry and two types of models of dynamical symmetry 
breaking. We start with the supersymmetric extentions. Supersymmetry is a symmetry 
between fermions and bosons. Supersymmetric theories have a certain number of su¬ 
perpairs which are made of one fermion and one boson, both having the same mass if 
supersymmetry is not broken. The most studied supersymmetric extension of the SM is 
the minimal supersymmetric SM (MSSM). In this model for each SM degree of freedom a 
new one is introduced. Besides the Higgs sector must be extended to a two-Higgs doublet 
model in order that the currents that couple to gauge bosons are anomaly-free. In this 
way the particle content of the theory is more than doubled as compared with the SM. 
However the experimentally observed particle spectrum does not include any superpart¬ 
ner. Thus supersymmetry, if is realized in this way in nature, must be spontaneously 
broken. From the non-observation of supersymmetry so far, one concludes that the scale 
Asusy at which this symmetry breaking takes place must be Asusy > 0{1 TeV). 

It can be said that the MSSM solves almost all of the previous problems in a very nice 
manner. However, important questions related to the supersymmetry breaking mecha¬ 
nism appear. The MSSM provides a dynamical explanation for EWSB. Starting at very 
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high scales with a Higgs potential having a SU{2)i x U{1)y invariant minimnm (i.e. 
< HI Hi |H >= 0), the evolntion down to scales of the order of the EW scale, which is 
dictated by the perturbative renormalization group equations, leads to a low-energy Higgs 
potential with a SU{2)i x f/(l)y non-symmetric minimum, i.e. to radiative EWSB. The 
hne-tuning problem is also solved. This occurs because the Higgs masses are protected 
by supersymmetry. In order to have an acceptable level of tuning in the calculation of 
these masses, the scale Asusy at which supersymmetry is restored cannot be much higher 
than the scale of EWSB. Finally to the hierarchy problem: In the MSSM, as we said, the 
EW scale is explained in terms of Agusv- However, it is not clear how the last scale is 
generated. The hierarchy problem of the SM has its analogy in the MSSM. Namely, how 
can one understand the hierarchy between Agusv and Aqut- The key, unsolved question 
is: Which mechanism causes supersymmetry breaking? 

Concerning EWSB there is one common feature between the SM and the MSSM: 
EWSB is caused by the condensation of elementary Higgs bosons. On the other hand 
models of EW dynamical symmetry breaking are based on the hypothesis that EW sym¬ 
metry breaking is caused by the condensation of fermion-antifermion pairs (for a review 
see jS]). The idea is taken from the theory of superconductivity: On the one side there is 
the phenomenological Ginzburg-Landau model of superconductivity, which corresponds 
to the Higgs model. However, superconductivity is dynamically explained in the Bardeen- 
Cooper-Schrieffer theory by the Bose condensation of e“e“ pairs. 

In particle physics two type of models of this class have been considered. Namely 
models where known (SM) fermion pairs condense (top-condensation), and models where 
pairs made of new type of fermions condense (technicolor). In both cases a new strong 
interaction is postulated. The elementary particle content of these models includes only 
fermions and gauge bosons. The absence of fundamental scalar helds is supported by the 
fact that so far no particle of this type has been found in nature. Due to the fact that 
these models do not include fundamental scalar particles, the first and second problems 
of the SM we mentioned above do not arise. The third one can potentially be understood 
from dimensional transmutation. 

The most prominent example of this class of models is technicolor (TC) [^1^ which 
is directly inspired by QCD. In these models a new non-abelian technicolor SU{Nyc) 
gauge group is added to the SM SU {3)coior x SU{2)l x U{1)y one. Besides, new fermions, 
technifermions, which carry technicolor charges are postulated. The SU{2)l x U{1)y 
charge assignment of technifermions is similar to the one of the SM fermions. Thus, 
the condensation of technifermion bilinears breaks the SU{2)l x U{1)y symmetry to 
the electromagnetic U{1). The logarithmic evolution of the technicolor running coupling 
constant provides a dynamical explanation for the origin of the EW scale. In this way 
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technicolor is able to break the EW symmetry and, through the Higgs mechanism, to 
provide the weak gauge bosons with masses. However, it fails in generating fermion 
masses. A new sector, e.g. extended technicolor [211 ESI, niust be included in order to 
explain them. 

Finally we consider top-condensation models D El El a El- The main motivation 
for this type of models is given by the fact that the top mass and the scale of EW 
symmetry breaking are of the same order. This suggests that the top quark plays an active 
role in the EWSB mechanism. In top-condensation models a four-fermion interaction 
term involving SM fermions is postulated at some high energy scale A. The strong four- 
fermion interaction induces the formation of fermion-antifermion (mainly from the third 
quark generation) bound states, which correspond to composite Higgs bosons, and the 
condensation of the corresponding composite helds. These condensates transform non- 
trivially under SU{2)l x U{1)y transformations and therefore break the EW symmetry. 
As a consequence gauge bosons and fermions acquire masses. In the minimal models no 
new particles are postulated. On the other hand these models are generally considered 
as effective theories valid only for energies scales below A (see, however, second scenario 
below). 

Two possible scenarios concerning the origin of the four-fermion interaction term can 
be considered. In the traditional one, a non-abelian gauge theory becomes strongly- 
coupled at a scale ~ A. For energies below A the new interaction is effectively described 
by operators constructed with the fields corresponding to the light (< A) degrees of 
freedom of the theory. The new interaction must violate the flavor symmetry, i.e. must 
be non-universal, in order to generate the observed fermion mass pattern. Topcolor ^H] . 
topcolor assisted technicolor [2Ij, and top-quark see-saw |2HlEni are examples of theories 
of this type. 

At low energies the most important non-renormalizable operators are the ones having 
the lowest dimension. Therefore, only dimension 6 four-fermion operators are considered 
(however, higher dimensional operators could also be important). Besides, only four- 
fermion operators made of (pseudo)scalar fermion bilinears are generally considered (they 
lead to (pseudo)scalar composite fields), ignoring the ones made of (axial)vector fermion 
bilinears. Note that the distinction between (pseudo)scalar and (axial)vector bilinears is 
ambiguous due to Fierz identities. 

In the second scenario the four-fermion interaction term acquires a more fundamental 
status. It is assumed that the SM with the Higgs sector being replaced by a general 
dimension 6 four-fermion interaction is a (non-perturbatively) renormalizable theory [20] . 
This is the case if one or more of the non-Gaussian ultraviolet stable hxed points found 
in na using the point-like approximation are established. 
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Spontaneous CP Symmetry Breaking 


In this Chapter we consider models in which the CP symmetry is spontaneously broken 
(for related reviews see [HU ESI EHI)- The Lagrangian of such models is invariant under a 
CP transformation, but the related vacuum is not. In this way the breaking of the CP 
symmetry is put on the same footing as the breaking of the EW symmetry. This sort of 
models attempts to explain CP violation by the same mechanism which breaks the EW 
symmetry, while in models with explicit CP violation the Lagrangian does not possess 
that symmetry from the beginning. Concerning the strong CP problem these models 
potentially offer a solution because the parameter 6 could become a small calculable 
quantity. In the following Sections we consider models with spontaneous CP violation, 
hrst due to condensation of fundamental scalar fields, and then due to condensation of 
fermion-antifermion composite helds. We discuss also a potential problem of spontaneous 
CP violation coming from cosmology. Finally we comment on flavor-changing neutral 
currents (FCNCs). 


2.1 Spontaneous CP Symmetry Breaking with Fun¬ 
damental Scalars 

The VEV of one Higgs field can always be made real by means of a global SU {2)lxU{1)y 
transformation. In order to have spontaneous CP violation complex VEVs of scalar fields, 
and hence a non-minimal Higgs sector, are needed. In this Section we briefly describe 
the models of Lee m and Weinberg ESI (or their generalizations to the case of 3 quark 
families) which are based on the SM gauge group. These are two representative examples 
of models which incorporate spontaneous CP violation by condensation of fundamental 
Higgs fields. 
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The model of Lee jSl] contains, in addition to the SM fermion and gange boson fields, 
2 Higgs donblets, and The VEVs of the electrically neutral components can 

always be written in the following way 

< > = ^ , < > = ^ , ( 2 . 1 ) 

where and v,w > 0. A value of ?7 7 ^ 0, ± 7 r leads in general to CP 

non-conservation. The VEVs, Eq. (EU, minimize the Higgs potential which is sensitive 
to the phase rj. The most general gauge-invariant renormalizable potential for 2 Higgs 
doublets is given by 


+ + h.c.], 

where Vq is the part of the potential which is independent from the relative phase between 
the two electrically neutral Higgs fields: 


Vo{H^^\ = -/ii - nl if(2)t^(2) ^ A^(if(i)tjy(i))2 + 

By definition the parameters of the Higgs potential are real and thus J (Px V(t, x) invari¬ 
ant under a. CP transformation 


The potential has its minimum located at a non-trivial value of rj given by 

2 /i^2 — XqV^ — Ay 


if 


COST] = 


As > 0 , and 


4 A 5 vw 

2 /i^2 — Ae — Ay 


4 A 5 vw 


< 1 . 


(2.4) 


(2.6) 


( 2 . 6 ) 


In the following we assume that these conditions are fulfilled. Because we start with a 
CP-invariant theory the Yukawa couplings in the weak basis are all real. However due to 
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the phase 77 , complex mass matrices are generated: 


{Mu)ij 



V 

7 ! 



w e®’' 

7 ^’ 



V 

71 


+ {9d^)ij 


w 

pp' 


(2.7) 


where M„, Md are the quark mass matrices and gu \ 7*^ the Yukawa coupling matrices 
in the weak basis. Diagonalizing the quark mass matrices one gets in general a complex 
CKM matrix. Thus the model contains a number of CP-violating interactions, namely 
boson exchange (as in the SM), charged and (flavor violating and flavor conserving) 
neutral Higgs boson exchange. Nevertheless CP violation in this model is determined by 
a single parameter, to wit rj. Furthermore FCNCs are present in this model already at 
tree level (see Section f2.4j) . This requires a mechanism for their suppression in order to 
avoid conflict with experimental data. 

Let us also consider the specihc case /if 2 = Ae = A 7 = 0, A 5 7 ^ 0 jSE] which can be 
motivated by imposing a discrete Z 2 symmetry on the Higgs potential, e.g. by demanding 
the Higgs potential to be invariant under 


HW H^i) , 

In this case we get from Eq. (12. 5 j): 

^(2) _ 


(2.8) 
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V 
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0 

V 

iw 

72 ’ 

(2.9) 


where the two minima in Eq. (jzni) are related to each other by the transformation Eq. 
fl2.8|l . If we dehne the held = i we see that the Higgs potential as well as the 

vacuum are invariant under the conventional CP transformation related to the helds 
and We have to inspect also the Yukawa sector. If the quark helds transform under 
the Z 2 transformation according to one of the following two cases: 


(a) UiR —> +UiR , diR —> +diR , (type I), 

or (b) UiR —> +UiR , diR —^ -diR , (type H), 

where UiR and diR, with i = 1,2,3, are the up- and down-type right-handed quark helds 
respectively, and we require that the Yukawa interactions respect the discrete symmetry, 
then the factor i introduced in the Yukawa terms due to the replacement —>■ 

can be eliminated. In the case (a) no factor i is actually introduced in the Yukawa terms 
because the Higgs held does not couple directly to quarks. In case (b) the factor i can 
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be absorbed by redefining the right-handed qnark helds. One ends up with a OP-invariant 
2HD model type I (case (a)) or type II (case (b)). 

If on the other hand the discrete Z 2 symmetry is not imposed on the Yukawa sector 
the resulting theory is very different as discussed above. In particular the motivation to 
put the tree level parameters /i^2 = Ag = A7 = 0 is lost because these terms are generated 
radiatively through fermion-loop contributions. 

In the Weinberg model [33] some discrete symmetry Eg (as the one given in Eqs. (EHD 
and i mTil ii is imposed in such a way that FCNCs are avoided at tree level. Right-handed 
quark helds of the same electrical charge couple only to one Higgs doublet with non¬ 
vanishing VEV. In this way each quark mass matrix is proportional to a Yukawa coupling 
matrix. A diagonalization of the quark mass matrix corresponds to a diagonalization of 
the associated Yukawa coupling matrix. This implies that there are no FCNCs at tree 
level. Minimization of the model’s tree level potential Y({P^*^}), with i = 1,2,3, being 
invariant under the discrete symmetry, yields the VEVs and in particular their phases. 
Only if the model possesses 3 (or more) Higgs doublets exists a parameter subspace for 
which the CP symmetry is spontaneously broken by non-trivial phases of the Higgs VEVs. 
The resulting theory has a real CKM matrix and has C7P-non-invariant interactions only 
in the Higgs sector, that is, charged Higgs boson exchange and flavor-diagonal neutral 
Higgs boson exchange. However, these models are ruled out because they cannot explain, 
on the one hand, the observed CP phenomena in K and B meson decays and, on the 
other hand, why an electric dipole moment dn of the neutron has not been observed 
(|drt|exp < 6.3 X cm |3H]h 

2.2 Dynamical CP Symmetry Breaking 

By dynamical CP violation we denote spontaneous CP violation caused by fermion- 
antifermion condensation rather than by condensation of fundamental scalar helds. 

The dynamics in the two cases are very different. If fundamental scalar helds condense, 
weak coupling is normally assumed. This justihes a tree level analysis. One considers 
renormalizable gauge-invariant operators built of Higgs helds only and constructs with 
them the Higgs potential. The Higgs VEVs and their possible OP-violating phases are 
obtained by minimizing it. On the contrary, fermion-antifermion condensation is a strong- 
coupling phenomenon. In order to make predictions drastic approximations are necessary. 

In the case of technicolor theories the assumed picture |33| is as follows. Technicolor 
interactions become strong at the EW scale and break the chiral EW symmetries through 
the formation of techniquark condensates, in analogy to chiral symmetry breaking in 
QCD. After EWSB the theory and in particular its vacuum possesses a residual global 
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symmetry H. On the other hand, in order to provide fermions with mass terms, additional 
interactions, the so-called extended technicolor (ETC) interactions, are postulated. The 
ETC interactions break the residual global symmetry H explicitly, and thereby lift the 
degeneracy of the vacuum. In this way the ETC interactions select one direction in the 
degenerated vacuum. It is possible that the selected vacuum is not invariant under a 
CP transformation, leading io CP violation by the charged weak current interaction {W 
exchange), and by the ETC interactions. 

In this thesis we are interested in dynamical symmetry breaking caused by the con¬ 
densation of quark-antiquark pairs, dominated by it pairs. Differently from technicolor 
theories, in this model the same interactions are responsible for EWSB, fermion mass 
generation, and for spontaneous CP symmetry breaking. In Chapter IHl we consider this 
model for EWSB involving the 3 quark families in detail and show that dynamical CP 
symmetry breaking, including generation of a CP-violating CKM matrix, is possible. 

Dynamical CP violation in top-condensation models has been investigated in ISH] 
starting from a different type of interactions as the ones considered in this thesis, namely 
non-local four-fermion interaction terms 001111]. In jOOj four-fermion interaction terms 
involving space-time derivatives (thus, dimension > 6 operators) and quarks belonging to 
the third family were considered. For a special conhguration of the four-fermion coupling 
constants dynamical CP violation occurs leading to a CP-violating composite two-Higgs 
model. The question of dynamical generation of the CKM matrix is not studied in this 
paper. 

2.3 Domain Walls 

Here we briefly mention a potential cosmological problem which appears if spontaneous 
CP symmetry breaking occurs at the EW scale m- The effective potential Ks related 
to a CP invariant Lagrangian obeys in general the following relation 

= Keff({P«*}), (2.11) 

where denotes fundamental or composite Higgs fields and ph)* their complex con¬ 
jugate fields. For the case of weak-coupled fundamental fields Eq. can be easily 

checked. The effective potential is just a gauge-invariant function of the scalar fields and 
their complex conjugate fields with real parameters (for the 2HD model at tree level see 
Eqs. (Q and (Q). In technicolor theories Eq. (ITTTD is replaced 02] by 


Keff(W) = Keff(lE*), 


(2.12) 
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where W is a function of the transformation matrices between the weak and mass basis 
of the quark fields and W* denotes its complex conjugate. 

Due to Eq. dTTTl) domains with different signs of the phases of the VEVs are formed 
at the EW phase transition. These domains are separated by walls with energy density 
much bigger than the closure energy of the universe (after taking into account the effect 
of the universe expansion) |12]- If one considers this problem to be a serious one, some 
solution must be found in order that spontaneous CP symmetry breaking at the EW 
scale is viable. 


2.4 Flavor Changing Neutral Currents 

It can be shown 03] that the requirements of spontaneous CP symmetry breaking 
at the EW scale, absence of FCNCs at tree leveE, and a realistic CKM matrix cannot 
be simultaneously satisfied. For this reason, in models with spontaneous CP symmetry 
breaking the Yukawa coupling matrices in the mass basis cannot be completely diagonal. 

To be more precise let us consider n fundamental or composite Higgs helds if which 
couple to the 6 quark fields. The Yukawa interactions of the neutral Higgs fields are given 
by 


Yukawa-neutral = “ ^ ^ Ul Ur + (Ir f (Ir + h.C. j , (2.13) 

i=l 

where the 3x3 matrices g^'^\ are the Yukawa couplings, the helds ur/r, (Ir/r denote 
the up- and down-type chiral fermion helds, and denote the neutral components of 
the Higgs helds ifh). The dynamics of the theory determine that some or all the Higgs 
helds acquire non-vanishing VEVs. Inserting these VEVs < > in Eq. one 

obtains the quark mass matrices. The up- and down-type mass matrices are in general 
not diagonal. Bringing them to a diagonal form one introduces the CKM matrix in the 
charged current. In the mass basis the neutral Yukawa terms are given by 

n 

/:Yukawa-neuUal = - ^ 4 + h.C. ) , (2.14) 

i=\ 

where the 3x3 matrices Au\ are the Yukawa couplings in the mass basis and the 
primed helds denote the chiral fermion helds also in the mass basis. 


^ Here we refer to the general case without assuming any discrete symmetry. 
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Now we can state more precisely what was proven in |121- If the Ynkawa conplings 
in the weak basis hh) are real, and thns /^Yukawa is CP-invariant, and the CKM 
matrix has the experimentally observed form (small mixing between generations and a 
non-vanishing CP-violation phase), then the Ynkawa conpling matrices in the mass basis 
with i = 1,... ,77,, cannot be all diagonal, i.e. FCNCs at tree level cannot be 
avoided. We shall come back to this issne in Chapter IHl 
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Chapter 3 

Nambu-Jona-Lasino Approach for 
the EWSB: the Minimal Scheme 


3.1 The Lagrangian 

Before the discovery of the top quark a new type of model of EWSB was proposed. Ex¬ 
periments had indicated that the top quark is very heavy, {mt)exp > SOGeE at that time. 
This motivated the possibility of a quark-antiquark (mainly from the third generation) 
bound state playing the role of the Higgs boson, being in this case a composite Higgs 
boson pia 13111 (for reviews, see 13 El)- 

In this chapter we consider the simplest model of this type. Its Lagrangian consists 
of the usual SM-Lagrangian but without the elementary Higgs held. In its place, a four- 
fermion interaction term is considered. The Lagrangian is of the form 

C = iYD, i ^ (FiS'-r + (3.1) 

k i 

where the hrst sum is over all left- and right-handed fermions of the theory and the second 
contains the 3 Yang-Mills terms of the SM-symmetry group, SU{3)c x SU{2)l x H(l)y. 
The Lagrangian C is locally invariant under this symmetry group. In the simplest model 
13 ] the four-fermion interaction term is given by 

Cif = Gt (3.2) 

where V’l = (^l, ^l)^, and t and b are the top and bottom quark helds. The SU{3)c 
and SU{2)l indices are suppressed. A color-index contraction in each parenthesis and a 
SU(2)L-iiadex contraction between and 'i/'L are understood. The term should be 
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considered as an effective interaction prodnced by some nnderlying physics. In this Section 
we nse as a given starting point and do not postnlate any possible origin. The whole 
theory is dehned for energies E < A. The scale A is a parameter of the theory identihed 
with the scale of the fonr-fermion term £ 4 f (remember that Gt has mass dimension m~^). 
All momentnm integrals of the theory are regnlarized nsing A as a spherical cntoff. 

3.2 The Gap Equation 

In the following we investigate the conseqnences of the fonr-fermion interaction Eq. (EH 
for EWSB. We make several approximations which, however, are assnmed to preserve 
those featnres of the fnll model, Eq. (ED), which are relevant to EWSB. 

The calculation is made at hrst order in the 1/N expansion, where N = Sis the number 
of colors. Besides, the SU{S)c x SU{2)l x U{1)y gauge interactions are neglected. With 
these approximations only the quarks of the third family interact. The relevant part of 
the Lagrangian Eq. (EH) is given by 


C = Co + A, (3.3) 

where £o is the free Lagrangian and Ci the interaction term 

A = + (3.4) 

= Af = Gt (3.5) 

The Lagrangian Eq. (El is a version of the Nambu-Jona-Lasinio model 

There are no fermion mass terms in Eqs. (El, (El, which would violate the SU (2 )l x 
U{1)y gauge symmetry. Below we see how this symmetry is broken by the vacuum. The 
top quark acquires a dynamical mass (the right-handed component of the bottom quark 
held does not interact and in consequence the bottom held cannot get a Dirac mass term). 
Let us start redehning conventionally the free and interaction terms 

C = C', + C'y (3.6) 

with 


Dg = t + b — mtU, (3.7) 

C[ = mttt + Gt {^LtR) {iR'ipL), 

= mtit+^[{it){it) + {ti'y5t){ti'y5t) + {b{l + 'y5)t){i{l-'y5)b)]. (3.8) 
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—iTit =—^ + O + -Jh— + 8 

+ + iT + ••• 


Figure 3.1: Feynman diagrams contributing to the top quark self-energy. The crosses represent 
imt insertions. 

Using the convention given by Eqs. (D and ()3.5|) one would obtain the same result we 
arrive below. In Eqs. (HID and (EHD rut denotes the physical top mass of the interacting 
theory. Thus, the top self-energy must vanish for 


9 9 0 ^ 


(3,9) 


where the diagrams contributing to —iSt are shown in Fig. 13.11 Remember that we 
perform calculations to leading order in the 1/N expansion. The limit N —> cx) is 
taken keeping GN fixed. In this approximation the top self-energy Et is momentum 
independent. The condition Eq. (El) can be expressed in a simplihed manner: If the 
sum of the two hrst diagrams of Fig. 13. II is zero, then Eq. ()3.9j) is fulhlled^. Eq. (I3.9|l is 
therefore equivalent to 


irrit + 


iGt 


-1)2N 


dH 


tr 


= 0 . 


(3.10) 


4 ' ' ' J (27r)4 V/ - "it 

This equation is expressed diagrammatically in Fig. 13.21 Taking the trace one obtains 


m 


1 - 2iNGt 


dH 


(27r)"^ P — ml 


= 0 . 


(3.11) 


After doing the Wick rotation and performing the momentum integral using A as spherical 
cutoff, we obtain 


mt = mt Gt log(AV"ii - 1)J • (3.12) 

This is the gap equation for the top mass. We shall derive this equation again using 
auxiliary helds in Chapter HJ Note that the factor inside the outer parenthesis is smaller 


^ This can be shown by introducing an auxiliary field and demanding that the associated IPI one-point 
function of the shifted theory vanishes. 
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+ 



= 0 


Figure 3.2: Diagrammatic representation of the gap equation. The crosses represent imt in¬ 
sertions. 

than 1. For Gt smaller than a critical conpling, Gt < 87 t‘^/{NA‘^) = Gent, only m* = 0 is 
a solntion of Eq. dna). If Gt is bigger than Gent, the gap eqnation possesses 2 solntions, 
the symmetrical one rrit = 0 and a non-symmetrical solntion rrit ^ 0. In Chapter 0 we 
shall see that for Gt > Gent the solntion m* 7^ 0 corresponds to the state of lowest energy 
of the model, the vaennm. The top mass is given in this case by the eqnation 

1 = Gt ^ - 1)^ • (3-13) 

Eq. ()3.13|1 reveals that in order to obtain a top mass mnch smaller than the entoff, 
mt <C A, a hne-tnning is needed. The parameters of the theory, Gt and A, mnst be chosen 
in snch a way that Gtj Gcrit = 1 + 5, with 5 -C 1 . 

The dynamically created top mass breaks the SU{2)l x U{1)y symmetry of the La- 
grangian Eq. (EH). The theory remains, however, invariant nnder a snbgronp of the 
original symmetry, namely nnder electromagnetic 17(l)em transformations. Dne to the 
Goldstone theorem we expect, as in the SM, 3 Goldstone bosons. In the next Section we 
hnd these massless modes and, in addition, a nentral scalar boson explicitly. All of them 
are fermion-antifermion bonnd states. 

In order to motivate extensions of this minimal scheme, we give some comments abont 
the possible mass terms which can be dynamically generated. The term rrit {iitR + iRti) 
is the only mass term that can be generated by the interaction Eq. (ESD If instead of 
Eq. ()3.2|1 we consider gange invariant fonr-qnark interaction terms involving all qnarks, 
other dynamical mass terms conld also be indneed. In particniar, it conid happen that 
the electroweak symmetry gets broken completely if in addition to the nsnal electrically 
nentral mass terms a term snch as bt+ib appears (this term violates the 17(l)em symmetry). 
We refer to this possibility as the vaennm alignment problem. Fnrthermore complex mass 
terms which mix qnarks of the same electric charge conld also appear. They can lead 

^One could say that more general terms are in this case also possible, e.g. -I- h.c. or How¬ 

ever these terms are related to the term tLtR + IrIl by SU{2)l or ti{-C/(l)-chiral transformations, 
respectively. The Lagrangian Eq. EH is invariant under these transformations. 
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Figure 3.3: Feynman diagrams contributing to two-point correlation functions of fermion- 
antifermion composite fields. 


to a non-trivial CKM-matrix and, if the Lagrangian of the model is CP-invariant, to 
spontaneons CP-breaking. We stndy this possibility in Chapter IHl 


3.3 Scalar and Goldstone Modes 

Qnark-antiqnark bonnd states show np as poles in two-point correlation fnnctions of 
qnark-antiqnark composite fields 

lG{p^) = j d^X < n\T{0{x) Ct(0)}|fi >amputated, (3.14) 

where the field 0{x) is a Lorentz scalar, qnark-bilinear composite held and C^(a;) its 
hermitian adjoint. 

In this Section we calcnlate snch correlation fnnctions in the scalar, psendoscalar, 
and charged channels. We shall hnd 3 massless modes corresponding to the 3 Goldstone 
bosons, and a fonrth pole in the scalar channel corresponding to a composite Higgs boson. 
In order to obtain the poles, it is necessary to nse the gap eqnation (Eq. ()3.13jl i in the 
calcnlations. 

The composite helds we deal with are 


Os(x) = i{x)t{x), 

Op{x) = i{x)i'j 5 t{x), 
0;{x) = f(a;)(l - 75 ) 6 ( 0 ;), 
0+{x) = b{x){l + 'y 5 )t{x), 


where the indices s, p, and c stand for scalar, psendoscalar, and charged, respectively. 
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The Feynman diagrams contribnting to the two-point correlation fnnctions are shown 
in Fig. 13.31 In the scalar channel the amplitnde is given by 


iG.(p2) = 4(-l)]V 


dH / z 

tr 


{2tiY \f -mt 
2 


+ f -mt 


+ ... 




(3.16) 


where Ig is given by 


f dH ft 
Ig = I .. tr 


(27r)l \f -mt I - mt 


(3.17) 


If one nses, as we do, a spherical cntoff as regnlator, the Feynman integrals are in 
general not invariant nnder a shift of the integration variables. Convergent or logarithmi¬ 
cally divergent integrals are invariant nnder this operation, while linearly or more than 
linearly divergent integrals are not. In the last case additional snrface terms appear HE]. 
A conseqnence of the appearance of snrface terms is that ambignities show up in some 
correlation functions. In particular, the mass of the Higgs particle becomes ambiguous. 
On the other hand the position of the Goldstone boson poles is not affected jH]. These 
surface terms are treated in more detail in Appendix^ In what follows we neglect surface 
terms, assuming that their ambiguous contributions are not physically relevant. 

It is convenient to write A as a quadratically divergent plus a logarithmically divergent 
contribution. Neglecting surface terms we obtain for A: 


A = -4 


_i_+ 2(p2 - 4m2) f _i. 

(27r)^ P — mt ^ J {2nY {P — mt){{l + pY — mf) 


Summing the geometric series in Eq. (IXTBl) we get 


(3.18) 




iGt ^ iGtNh y^ 


Using Eq. (ITTHD and the gap equation we finally obtain 


(3.19) 


iGs{p^) 


1 

2 iV(p 2 - 4m?) 


dH _1_ 

(27r)^ {P — ml){(l + pY — ml) 


(3.20) 


Thus the amplitude of the scalar channel has a pole at p^ = Amf. That means that 
there is a composite scalar particle, a composite Higgs boson, with mass equal to 2mt. 
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This quantitative prediction of the model for the mass of the composite Higgs particle 
should not be considered as an exact one, mainly because of the crude approximation we 
are doing. For example in a renormalization group analysis including gauge interactions 
this result receives important corrections (see Chapter [7|). Concerning the regularization 
procedure and its possible influence on this result, some comments are made in the next 
Section. 

In a similar way one finds the amplitudes in the pseudoscalar and charged channels. 
One gets 




iGc{p^) 


1 / r dH 1 

2iVp2 yj (27r)‘^ {P — + py — rrif) 

f f dH pji+p) y' 

8N (27r)^ {P - rry){l + py J 


(3.21) 

(3.22) 


Note that none of the three four-point correlation functions depends directly on the cou¬ 
pling constant Gt- From Eqs. and one can see that the pseudoscalar and 

charged amplitudes have a pole at = 0. These massless modes are the Goldstone 
bosons. In the next Section we see how these modes manifest themselves. 


3.4 Gauge boson masses 

Finally we study in this minimal scheme the masses of the gauge bosons, which appear 
in the theory according to the Higgs mechanism. Recall that this denotes the mechanism 
where Goldstone bosons related to local symmetries are eaten by the corresponding gauge 
helds which, in turn, get massive. Let us remark that the Higgs mechanism does not 
require elementary scalar bosons |481149j . 

As a consequence of the gauge invariance, the gauge-boson self-energies with 
A = 7 , W^, must fulhll the Ward identity P^JI'a = 0 (where p^ is the external 

momentum). The self-energies can then be written as 

n7 = (p"V-P>^)n^(p2). (3.23) 

It is known that a momentum cutoff is not a good regulator, in the sense that it does not 
respect the Ward identities. In order to obtain self-energies of the form given in Eq. (nnHH 
we use as an intermediate stage dimensional regularization. We proceed as follows: first 
we calculate the self-energies using dimensional regularization (which is a good regulator). 
Then we express the results as a function of the cutoff A using Table 13.11 
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r dH 1 

i dq‘^ 

z r(2-d/2) 

J (^ 

(dvr)^ Jo (q'^+M)'^ 

( 47 r )'^/2 

r dH f 

—i dq^ q^ 

—i d T{l—d/ 2 ) 

J ( 27 r )4 

(dvr)^ Jo (g^-l-M)^ 

( 47 r)d /2 2 


Table 3.1: Table showing momentum integrals using different regularizations. In the first col¬ 
umn the generic integrals are shown. In the second column these integrals are 
regularized using a cutoff A. In the third column the same integrals are shown 
using dimensional regularization, where d = 4 —e, the space-time dimension, is used 
as regulator. The first and second rows show logarithmically and quadratically 
divergent integrals, respectively. 


By using dispersion relations PI it is possible to obtain directly transverse gauge 
bosons self-energies. In this approach one imposes the appearance of the Goldstone bosons 
related to the SU{2)l x U{1)y —>■ U{l)em symmetry breaking. As a consequence, one 
obtains the gap equation and the mass pole at in the scalar channel (the same 

we obtained using a spherical cutoff as regulator). Still another possibility is to use proper 
time regularization. For a comparison between these different schemes and the spherical 
cutoff regularization in the context of a next-to-leading order calculation in 1/Al, see 
For simplicity we stick to the spherical cutoff regularization. 

We calculate the self-energies to all orders in Gt in the N —oo limit. In this 
approximation the contribution of gauge boson loops is suppressed by a factor N~^ as 
compared with the quark-loop contribution shown in Fig. 13.41 and are therefore omitted. 
Consequently a gauge hxing is not required. Let us hrst calculate the self-energy of the 
boson. We consider two types of contributions 

= + (3.24) 

where [zll^^]^ is the contribution we obtain without considering the four-fermion interac¬ 
tion Cii (Fig. 13.4j] . and contains all diagrams with Gt insertions (Fig. I3.5|l . The 

hrst term is given by 
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b 


Figure 3.4: 


Feynman diagram associated with the self-energy contribution 


wa ^ (^) 


dH 


{-l)N tr 




i 

- rrit 



(3.25) 


where Pl = (1 — 75)/2 and g 2 denotes the SU{2)l gange conpling. After integration we 
obtain 


ra. = (^) 2nI dx2x(i-.) 

2iv/ 

with D = —x{l — x)p‘^ -t- (1 —x)ml. For mt = 0, fnlhlls the Ward identity. In order 

to obtain a transversal self-energy for 7 ^ 0 one mnst also consider the contributions 
coming from the interaction £ 4 f which is responsible for the generation of m^. Because 
of the tensor structure of (see Fig. I3.5|l this term must be proportional to . 

Therefore, the only way for to respect the Ward identity is that the second term of 
Eq. is given by 

Note that this expression does not depend on Gt- Now we show that this is indeed what 
one obtains for from direct calculation. We use the fact that the sum of the 

diagrams of Fig. 13.51 is proportional to the sum of the diagrams given in Fig. 13.31 (which 
are calculated in Eq. The contribution is given by 


= 



dH rrit tr( 7 ^(/ +^)) 

( 27 r )4 (/2 _ + p )2 


dH rrit tr(7^(/ + 

(27r)4 (/2_^2)2 (^+p)2 

(3.28) 
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Figure 3.5: Feynman diagrams contributing to the self-energy which contain four- 

fermion interaction insertions. 

Using Eq. one obtains Eq. The self-energy fulfills the Ward identity as it 

should. Extracting the tensor structure from 11^ (using Eq. (I3.23|l i one obtains hnally 

^wiP^) = - 2 ^) - (1 - - 1 ] , ( 3 - 29 ) 

with D = —a;(l — x)p^ -|- (1 — x)m^. The Goldstone boson contribution makes 
singular at = 0. This shifts the mass away from zero. The dressed propagator is 
then given by 


d^x < G|T {W+{x)W-{Q)}\VL > = VPPvIp^) 

^ pi 




l-Uw{p‘^)J ’ 


where W^{x) are the helds. We dehne ( 72 (p^) and f{p^) as 


N 


9l{f) 9l (47r)2 7o 


dx 2x(l — x) [log(A^/T)) — 1 ] , 


/ (P ) = m 


N 


dx (1 — x) [log(A^/T)) — 1 ] , 


such that 


(4vr)2 7 o 

1 - Yiw{p^) 1 f (P^) 


(3.30) 


9l 


9Kp^) 


pZ 


(3.31) 

(3.32) 

(3.33) 


The mass is given by the pole of its dressed propagator (Eq. (I3.3()|l i through the 
condition 


2 9lN/{47iy /q dx (1 - x)[log(AVT>) - 1] 

* 1 -E p^N/ (dvr)^ Jg dx 2x(l — x) [log(A2/H) — 1] ’ 


(3.34) 
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with D evaluated at p‘^ = M^. 

On the other hand the Fermi constant is given by 


Gp = 


1 

4^2/"(O)' 


(3.35) 


The experimental value of the Fermi constant is = 246 GeV. Using the 

experimental value of the top mass rrit = 178 GeV and the number of colors N = 3 Eq. 
f!3.35|) gives the condition 


246 

178 


12 


(4vr) 


dx (1 — x) [log(A^/((1 — x)rnf)) — l] . 


(3.36) 


The last equation demands a value of A 3 x lO^^GeV. 

Next we perform a similar calculation for the neutral gauge bosons. We consider the 
fields A^{x) and B>^{x) from the SU{2)i and U{1)y gauge groups, respectively. The 
difference in this case is that the gauge bosons mix. Instead of calculating a single self¬ 
energy we have to calculate a 2 x 2 matrix. As in the case of the charged-boson self-energy 
we distinguish two contributions 


(3.37) 

where j, /c = 1, 2 refers to the helds B^{x) {j, k = 1) and ^3(0;) (j, k = 2). Similar as in 
Eq. ()3.23j) we define 


n(;^ = (^^V-pV)n,,(p2). (3.38) 

The dressed propagator is given in this case by 


J \< A^ix) B-(l)) > < > J p2 “IP'.' • 

(3.39) 

where < A^(x)i?'^(0) > stands for < f2|T{A'^(x) i?'^(0)}|U > and (1 — n(p^)) is a 2 x 2 
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matrix. The first contribution to the self-energy, is given by 


q=t,b 


dx 


{P 




X 


(g'-y - pV) 21(1 - X) (3.40) 


9iS2r?y,i, g.|(rj>)2 

9i(y,x-y,KY gi92Ti(.y,L-y,R) 


V9i92I?(F,l-F,r) g|(Ti>)2 


with Dq = —a:(l —x)p^ +m^. The weak hypercharges are = ^bh = —1/6, = —2/3, 

1/)R = 1/3 and the weak isospin charges are T/ = —T^ = 1/2. The U{1)y and SU{2)l 
gauge couplings are denoted by gi and g 2 , respectively. Again is not transversal 

for non-vanishing quark masses. Adding the contributions with Gt insertions (only the 
pseudoscalar channel, i.e. the Goldstone boson, contributes) one obtains 


n(p2) = 


2N 


^ 14.2.(1 -.) [log(AVA) -1] ~%T 


dx 


2N 
(4^ 
2m?Af G 


p2(47r) 


dx [log(AVA) - l] y ^ 


9i92\ 

4 V^i^2 92 J ’ 


where Eq. 


was used. After a rearrangement we obtain 


2.(1 - .) [log(AVA) - 1] (3.41) 



with gi{pG, 5-2(p^), and f{p^) given by 


A/P?(P^) 0 \ 

V 0 1/9I{pG) 


P{p^) 

VI 



^ ^ (S/i (5 N(aVa) - 1 ] + a [log(AVA) -1]). 

(3.43) 

^ ^ ^ ^ (W (5 -1+5 N(aV A) -1]) . 

(3.44) 
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rfi N m'^ N 

dx2x{l - x) log(Dj/A) + -YJi^ [log(A7A) - 1] ■ 

(3.45) 

The masses of the 7 and particles are given by the poles of the propagator Eq. 

(the valnes of for which 1 — n(p^) has vanishing eigenvalnes). For 0 one can see 

in Eq. that the last term dominates the snm. This matrix has all entries eqnal and 

hence possesses a vanishing eigenvalne. As expected, a pole in the propagator located at 
= 0 is fonnd. The second pole related to the particle is located at p^ = M|, with 
given by the condition 


M| = f\Ml) [gl(Ml) + gliMl)] . (3,46) 

From Eqs. (FOD and (FTTHll one obtains 

M|, ( gl(Ml) + ^ PjMly) 

V J p(Ml) ■ > 

The difference between and is essentially the nsnal correction to the p parameter 
dne to the weak isospin breaking effects. 

We can in general say that the self-energies 11^'^ do not depend on the details of the 
fonr-fermion interactions we consider, as long as each of these interactions is a product of 
two Lorentz (pseudo)scalar bilinears. By separating the self-energies in the contributions 
and [n^‘"]2 we saw that the part containing four-fermion interaction insertions [11^'^]2 
is completely determined by its Lorentz structure and the requirement that must 
satisfy p^n^^" = 0. For this reason the gauge boson propagators, and in consequence the 
gauge boson masses, do not change if we consider more a general four-fermion interaction 
Cip as we do in Chapters El and El 
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Chapter 4 

Auxiliary Fields and the Effective 
Potential 

4.1 Auxiliary Fields 

For the study of EWSB we have used until now a formalism involving only fermionic 
helds. This is mainly because we considered a model without elementary scalar helds, 
as for instance a fundamental Higgs held. The particle content of this model includes 
only gauge vector bosons and chiral fermions. However, as we saw in Chapter El fermion- 
antifermion bound states can appear in the scalar, pseudoscalar, and charged channels. 
These spin-0 channels correspond to relevant degrees of freedom of the model. In this 
Section we introduce new helds, auxiliary helds, with the quantum numbers of the resonant 
channels. This allows us to work directly with these degrees of freedom. 

The auxiliary held formalism [221 ESI very convenient, especially if one goes beyond 
the minimal scheme studied in Chapter El in particular for the more realistic case where 
the six quarks are considered. The formalism is also useful for studying next-to-leading 
order corrections in the 1/N expansion IKKl IKTj .^ 

In general there is no prescription which tells us which and how many auxiliary helds 
should be introduced. That would imply the knowledge of the relevant degrees of freedom 
at each scale, something we normally do not know. An example of this difficulty are Fierz 
rearrangements which often lead to ambiguities ISZIEHI- 

Motivated by the results of Section El we consider in this Section a generalized four- 
fermion ehective interaction dehned at the scale A which involves the 3 quark generations. 
Next, we introduce auxiliary helds with the same quantum numbers of the resonant chan- 


^ To see the connection between the formalisms with and without auxiliary fields in the case of one 
auxiliary field, see In this paper the effective potential is calculated diagrammatically. 
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nels found in Sectional i.e., the quantum numbers of the SM Higgs doublet held. The 
auxiliary helds are, in the case of EWSB, relevant degrees of freedom at scales comparable 
with the bound state masses. 

The effective interaction term we work with is given by 


— Gijki {'ipiLUjR){uiR'ipkL) + {'ipiLdjR){diR'4)kL) + [GijkiG"'^{'4^'iLdjR){'tpkL'^iR) + h.c.], 

(4.1) 

where the coupling constants G and the quark helds ur, dR, 'ipR = {ur, have indices 
i, j, k, I, which go from the hrst to the third quark generation, and the antisymmetric 
matrix is given by 


e 


ab 





(4.2) 


We introduce now the auxiliary helds by replacing the four-fermion interaction 
by the equivalent term £aux: 


U £aux = - + ^Yukawa, (4.3) 

i=l 

where 

n 

/:Yukawa = “ ( 9h i’klUlR 6“' ^J^^dlR + h.C. ), (4.4) 

i=l 

with complex parameters , and real mass parameters m'jj.. The n auxiliary helds 

are SU{2)l doublets, SU{3) singlets, and possess weak hypercharge -Fl/2. The 
auxiliary helds have mass terms and couple to fermions through Yukawa terms. A main 
feature is that at the scale A no kinetic term and no quartic boson interaction are present. 
This is the so-called compositeness condition. In Chapter [7| we shall see how these terms 
are induced at lower energies. 

Starting from £aux we recover the ehective interaction term showing that both 
formulations of the model are equivalent. This can be achieved either in the path integral 
formalism or using the Euler-Lagrange equations for the auxiliary helds. In the path 
integral formalism the auxiliary helds can be easily integrated out from the generating 
functional because they appear only quadratically in the Lagrangian. Alternatively, one 
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can impose the constrains, i.e. Enler-Lagrange eqnations, for the anxiliary fields: 






{-9h ^IlUir + e‘^\^;:}*diR'iplL). 


(4.5) 


Replacing Eqs. (031) in Eq. (USD, the anxiliary helds are eliminated from £aux and the 
fonr-qnark interaction term is recovered. The relations between the Ynkawa conplings 
and the conplings G are then given by 


n (r) (r)* 

9ij 9ki 

'^ijkl — 2_^ 2 > 


= Y 


r=l 

n Gr),ir)* 
'\j '‘'kl 


r=l 

n 


m 


Hr 


Gm = Y 

r=l 




m 


Hr 


(4.6) 


In the following we call the helds hfh) (composite) Higgs helds. The idea behind this 
is that, as we said before, at scales below A these helds become dynamical. The helds 
play a similar role as the Higgs held in the SM, the diherence being, however, that 
in the present consideration they are composite helds. 


4.2 The Effective Potential 

We calcnlate the ehective potential associated with the auxiliary helds The ehective 
potential allows us to hnd the vacuum of the theory. We make the same approximations we 
did in Chapter El We consider only the leading order contributions in the 1/N expansion, 
i.e. in the N —> oo limit keeping GN hxed, which is equivalent to the fermionic determi¬ 
nant approximation. The ehective potential [HTH inn] associated with the Lagrangian Eq. 
m with £4f given by Eq. (03) but ehectively replaced by £aux in Eqs. dOD and (03, 
is given by 


\ogdet(V-\H^^\k}), 




(4.7) 









42 


CHAPTER 4. Auxiliary Fields and the Effective Potential 


where is the fermionic propagator in momentum space. It is a function of the scalar 
helds if and of the momentum k. In Eq. fl4.7|l and in the following a sum over repeated 
indices is understood. As usual we extract the propagator from the fermionic quadratic 
terms of the Lagrangian, which in our model correspond to all the fermionic terms: 


f^kin “F f^aux O ^jR ^jR ~F RjL ^jL “F ^jR ^jR ~F djX ^jL “F f-Yukawa; (^•®) 

where £kin contains the fermionic kinetic terms. We calculate now det(I2). All terms in 
Eq. ()4.8|1 are diagonal in the color indices, therefore 

det(I2) = (detD)^, (4.9) 

where D contains the momentum space quadratic terms associated with the 12 Weyl 
spinors of the three generations of quarks. With respect to these degrees of freedom fl is a 
12x 12 matrix and is given in the basis (mil, M 2 L, msl, diL, d2L, dsL, U 2 r, dm, d 2 R, dsR) 
by 


D = l^ -M, 


(4.10) 


where the term Ij, is proportional 


to the 12 X 12 identity matrix, and M is given by 


with 


M 


/ 0 M\ 

Viift 0 ) ’ 


(4.11) 


M 




In the last expression and 


are 3x3 matrices. Now we use the identity 


(4.12) 


det(// - M) = Vdet(-P + M^), (4.13) 

perform the Wick rotation = ik^, and consider an extra factor 2 in the exponent of 
the last expression coming from the 2 spinorial degrees of freedom of each of the 12 Weyl 
spinors (f^ + is diagonal in the spinor indices). We obtain 


with 


det(^ — M) —>• det(f^ + M^), 




/MMt 0 \ 

V 0 M^M) ■ 


(4.14) 


(4.15) 
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Finally, we obtain the fermionic determinant 

det(P) = [det(fc^ + , (4.16) 


with 


A = M^M. (4.17) 

Now we return to the effective potential. After performing the Wick rotation and the 
spherical momentum integration, Eq. (gH) takes the following form 

1 

Eefr({i/®}) = ^ dk^ \ogdet{V), (4.18) 

where the momentum cutoff A is identified with the energy scale of the new interaction 
£4/. Now inserting the determinant calculated in Eq. (14.161) we get 

N 

Ves{{H^"^}) = m2 .i/Wti/h)-^ / k^dk^ logdet(fc2 + A), (4.19) 

8^2 Jq 

with 


/ g(i)\ fiij) 

^ ^ gU)^a.b^a{i)^b(j) hhlthblifOltf/'W ) ’ 

The effective potential is of course gauge invariant. 

We shall use the effective potential Eq. (I4.19|) in different models. In the next Section 
we apply this method to the case of having only one auxiliary field and an arbitrary number 
of quarks. Considering more auxiliary fields increases the complexity in the dependence 
of the effective potential on the Higgs fields. In Chapter |S1 we study a model with two 
auxiliary fields involving only one quark generation. Finally, in Chapter IHl the case with 
two auxiliary fields and 3 quark generations is analyzed. 



4.3 The Case of One Auxiliary Field 

We consider here models with four-fermion interactions which can be rewritten by means 
of only one auxiliary held. We shall consider 3 quark generations. This includes the 
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minimal scheme treated in Section El The Eas. (IO|) reduce to 


2 ^ _ * 

^ijkl 9ij 9kli 

^ijkl = ^kli (4-21) 

^ijkl — hij 9kh 

with = 1,2,3. Thus, the couplings G in Eq. (EH) must fulhll the following 

conditions 


GijkiG^^ 


= G[ 


G 

mnij^ 


rskl 5 


(4.22) 


for alH,..., s. In the case of one family it reduces to G G' = |G"p, or, in the notation of 
Chapter El to 


GtGb — \Gtb\'^. (4.23) 

By means of gauge transformations any constant conhguration of the auxiliary held H 
can be brought into the form 


H = 



(4.24) 


with the classical held 0 > 0. The ehective potential, which is gauge-invariant, is in this 
case a function of one variable, namely (j). The matrix A given in Eq. (ICTll is now 


A 


(a'a^ 0 \ 

( 0 Vftf)' 


(4.25) 


It is convenient to express A in the quark mass basis where it is a diagonal matrix 
(det(/c^ -F A) is invariant under the replacement A —>■ U AU\ with U being a unitary 
matrix): 


/\2 <A 

0 \ 



0 \ 

1 0 



\ 0 



(4.26) 


where the parameters Ag., with z = 1,..., 6, are the Yukawa couplings in the quark mass 
basis, and rUg., with z = 1,..., 6, are the quark masses. Replacing Eq. (I4.26|l in Ea. (l4.1hj) 
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one obtains 


Vesi<P) = mjjY - + . ( 4 . 27 ) 

The VEV < 0 > of 0 is given by the value of 0 which minimizes the effective potential. 
The first and the second derivatives of Ves are given by 


and 


dVeS 

d(p 


m]j 


Af A 2 dk^ 

§7^2 Jq 


dcfP' 



— V A2 r" dk^ 

Jo k'^ + TUq, 





(4.28) 


(4.29) 


The hrst derivative condition = 0 has two solutions. A gauge symmetrical one at 
0 = 0, and a non-symmetrical solution, i.e. with 0 7^ 0, determined by 


with 



(4.30) 


mqi = K^- ( 4 - 31 ) 

Eq. ()4.30|1 must be understood as an equation for 0 with the parameters N, A, Ag., 
kept hxed. Again a hne-tuning is necessary in order to get mg. A. Eq. (ICTll has a 
solution only if the following inequality is satished: 

6 x2 

V ^ > Gent = 87rV(iVA2). (4.32) 

If the condition Eq. is not fulhlled one gets < 0 >= 0, and the EW symmetry 

is not broken. If on the other hand the coupling constants do fulhll Eq. one 

can see from Eq. (irail that the second derivative of 14fr(0) is negative at 0 = 0 (the 
quadratically divergent terms domain) and positive at the non-zero value of 0 determined 
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by Eq. (ICTll . Thus, in this case the minimum of is located at < 0 0, and the 

fermions acquire masses given by Eq. (lOTl) . 

The condition Eq. (lO^ can be rewritten as a function of the original coupling 
constants G (which fulhll as well Eq. fj4.22j) b One gets 

3 

^Gijij + G^jij^ > Gcrit- (4.33) 

Besides, taking the scalar neutral component of H from Eq. (ESI), one gets 

-1 ® 

= / 7 T 2 (4-34) 

v2 mjj ^ 

where ql denotes the quark helds in the mass basis and (j){x) the field operator. The 
composite Higgs particle is a quark-antiquark bound state. It is mainly made of top- 
antitop, but also contains the other quark flavors. 

For completeness we also calculate the mass of the composite Higgs particle in this 
framework. The two-point proper vertex (amputated IPI correlation function) associated 
with the field 0 (x), which corresponds to the inverse 0 propagator is given by 




iN 

Ibvr^ 


i=l -^0 


e dk^ 


[{p + ky + + ml)' 


(4.35) 


where for arbitrary helds 0 and ip is dehned as 


tT^AP^) = j dA e'P" < n\T{(j){x) ¥^(0)}|f2 >amputated,lPI • (4.36) 

The physical mass rupoie of the composite Higgs boson is obtained from the condition 
r 0 ,<^(p^ = "m-poie) = 0- If follows from Eq. (I4.35j) that, neglecting the quark mass depen¬ 
dence of the momentum integrals, the position of the composite Higgs mass is given by 

ISH 


6 

ml = 0. (4.37) 

i=l 

Due to the factors the term related to the top-quark dominates the sum. The mass 
of the composite Higgs is rupoie ~ 2mt. We see that the result obtained for the minimal 
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scheme is stable under the inclusion of further fermions with masses much smaller than 
rrif 

The coupling constants between the composite Higgs and the fermions are also of 
interest. At the energy scale /r = A the Yukawa term in the mass basis is given by 


C 


Yukawa 





(4.38) 


The relevant couplings are however the ones defined at scales much lower than A where 
the Higgs held (j) possesses a kinetic term. In order to have an induced kinetic term for 
(j) with the conventional prefactor at scales /i A - for dehniteness, we put here and in 
the following fi = 0 - the held 0 must be scaled. The coefficient of in the expression 
for calculated in Eq. ()4.35jl gives the correct factor 


^ (l^ 4 log AV<) ' </>• (4.39) 

i=\ 

On the other hand the fermionic kinetic terms do not receive corrections in this approx¬ 
imation and hence the fermion helds need not be scaled. Replacing Eq. (I4.39j) in Eq. 
()4.38|) one gets 


with 


L 


Yukawa 


6 


E r (P ' 

fi QiQi. 

i=l ^ 


(4.40) 


^ ' ■ (4.41) 

2=1 

We see that the Yukawa couplings at the scale fi = 0, fj, do not depend on the four- 
fermion couplings explicitly. They depend on them only indirectly through the quark 
masses. Besides, the top Yukawa coupling for the case in which only the top-quark gets a 
mass, ft = [Y/(167r^) is also stable under the inclusion of further fermions 

that are much lighter than the top quark. 

By considering only one flavor in Eqs. (loni) . (joni), and (lO^ we recover the gap 
equation, the critical coupling condition, and the mass of the composite Higgs found in 
Chapter El 
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Chapter 5 

One Generation of Quarks 

5.1 Four-fermion interaction term 


In this Section we assume the existence of a more general four-fermion effective interaction 
involving both quarks of the third family. We determine the main properties of this model 
in the N —> cx) limit. 

The most general (dimension 6) gauge-invariant four-fermion interaction term which 
can be written as a sum of products of fermion bilinears with the quantum numbers and 
Lorentz structure of the SM Higgs boson are given by 


— Gt + Gb {ijLbR){hR'lljL) + [Gj;, -|- h.c. , (5.1) 


where V’l = ^ (^1 0^} 

Due to the hermiticity of the Lagrangian Gt and Gb are real. One can set Gtb also real (or 
positive) by redehning one of the right-handed fermion helds. In this way the interaction 
term possesses only real coupling constants. In any case the Lagrangian - more 
precisely J d^x C{x) - is invariant under a GP transformation^ of the helds. 


^We ignore here the QCD 0-term. 
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5.2 Auxiliary fields and the effective potential 

In order to study the ground state of the theory it is convenient to introduce n spin-zero 
auxiliary helds Following Chapter H] we replace by 

n 

-Caux = - (5.2) 

i=l 

with 

n 

-^Yukawa = “ ^ ^Plb^ + h.C. ), (5.3) 

i=l 

where and are the Yukawa coupling constants and are mass parameters 
associated with the auxiliary helds. The relations between the coupling constants in the 
two formulations of the model are given by 


Gt 


E 


(r) (r)* 

9t 9t 


m 


Hr 


Gf> 


E 


(r) (r)* 

9 b 9 b 


m 


Hr 


Gtb - 


(r) (r) 

91 9b 


m 


Hr 


(5.4) 


In order to parameterize the space of couplings G, it is enough to consider n = 2 and real 
coupling constants g (for Gt and/or Gb negative or if > GtGb, negative parameters 
are needed). Therefore we restrict ourselves to n = 2 and real coupling constants g 
in the following. 

The self-interaction given in Eq. (ED) possesses 3 parameters Gt, Gb, and Gtb- 
This term is replaced by Eaux with n = 2 which has 4 parameters g[^\ g^l\ gf‘\ and g^\ 
one more than the original Lagrangian (the mass parameters can be set equal to 
1 by scaling the auxiliary helds At this stage it seems that there is an inconsistency. 

We clarify this point at the end of this Chapter. 

We consider now the ehective potential of the model in the auxiliary held formulation. 
In Section HJ the ehective potential was calculated for a general four-fermion interaction 
Cif. Using this result we obtain for the one family case 


Ves= rn 

i=l,2 


N 


r.A2 


2 -^ 

87r2 


k'^ dk'^ logdet(A;^-|-A), 


(5.5) 
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with the 2x2 matrix A given by 


A = 




where summation over the indices i and j is understood. 


(5.6) 


5.3 Minimum of the effective potential 

5.3.1 First derivatives of the effective potential 

The ground state of the theory is found by minimizing the effective potential with respect 
to the auxiliary helds H^^'> and Due to the gauge invariance of the effective potential 
it is possible to gauge any held conhguration into the following form: 


(5-7) 

with V , w' , z > 0. Note that in the IHD case the effective potential depends only on 
one variable, while in the 2HD case it depends on four, making the task of hnding its 
minimum more laborious. In the following v , w , z , g denote the classical helds and the 
corresponding non-primed symbols denote their VEVs, 


/J)_\ / we'-^ \ 

Using Eq. in Eq. ra the ehective potential becomes 

Ves = w',g', z'^). (5.9) 

(As we see later it is convenient to use z'^ instead of z'). In order to preserve the electro¬ 
magnetic 17(1) symmetry, the VEV z^ must be zero. 

Next we inspect the ehective potential as a function of these 4 variables. We shall 
restrict ourselves to the parameter subspace with z ^ = 0 and search for local minima in 
this region. It is possible to show jHl] that for z ^ ^ 0 there is no local minimum (at least 
for mt ^ rrih) ■ The following conditions are sufficient in order to have a local minimum at 
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/ / / 


a point with z ^ = 0: 

a) = 0 , for 0 = v,w',T]', 

c) The 3x3 Hessian matrix associated with the variables 
V , w and rj is positive dehnite. 

The conditions a) evaluated at the point v' = v, w' = w, r] = rj, and z' 


by 


m 


2 NA ^ 


Hi 


Stt^ 


q=t,b 


W 


2 NA^ 

Hifj - 

87r2 


q=t^b 


E (1 ^ (^ + 0) ^ CO" 


mt. / 


+ M )4'4f sinr7 = 0, 


where 


rriq = 


irj 


V2 V2 


The hrst derivative of the effective potential with respect to z"^ is given by 


ai/eff 2 NA^ 


N 




q=t,b 

e dk^ 


Stt^ Jo + m^) 2 

Using Eq. (ISII2D, with tc 7 ^ 0, the last expression can be written as 


5Kff NA^ 


dz"^ Stt^ 




q=t,b 




N 


rA2 


P dP 


Stt^ Jo + m^) 2 




(5.10) 

0 are given 

0. (5.11) 

0, (5.12) 

(5.13) 

(5.14) 

(5.15) 

(5.16) 
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5.3.2 The case Gtb = 0 

If Gtb in Eq. (I5.1|l is equal to zero, the Lagrangian has, in addition to the local SU{2)l x 
U{1)y and global baryon number symmetries, an extra global symmetry, namely 


i>L 

tR, bn 


e 


(5.17) 


which is known in the context of fundamental Higgs helds as Peccei-Quinn (PQ) symme¬ 
try jnSl Ell- 


It is convenient to introduce the two auxiliary helds in a way that couples only 
to tR and only to bR (with = 0).^ These two composite scalar helds 

transform under the PQ symmetry as 

hW —, 

//( 2 ) _ t H^‘^\ ( 5 . 18 ) 

Due to this extra symmetry of the Lagrangian and of the ehective potential one can 
eliminate the dependence of Ves on the phase g (we choose g =0). That is, the ehective 
potential is a function of u , tc , and c; ^ only. 

We can choose gt^\ g^'^ > 0 (see Eqs. (15.41) 1. In this way we get automatically positive 
quark mass parameters: 


( 1 ) V ( 2 ) W 

'mt = gt mb = gl’ 


Y2' 72' 

Now we turn to the conditions (iEiii)-(innD- In the case in which both auxiliary helds 
condense {v^w ^ 0), Eqs. ()5.11|1 and ()5.12|) become 


= 


= 


NA^ f mf , 
7VA2 / ml , 


A! 

ml 

A2 


+ 1 


+ 1 


mt 


(ft'bt 

(sfP. 


(5.20) 


(5.21) 


These two conditions have exactly the same form as the condition obtained in the minimal 
scheme (compare with Eq. ()4.3()jl L As in that case, they can be fulhlled only if Gt, Gb > 
Gcrit- 


^This model and its generalizations for more quark families couples only to up-type right-handed 

quarks and couples only to down-type right-handed quarks) are called type-II 2 Higgs doublet 
(2HD) models. In these models FCNCs are naturally suppressed. 
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We check now that the electromagnetic U{1) symmetry is conserved, i.e. that z > 0. 
As can be seen from Eq. fl5.16|) the hrst derivative of the effective potential with respect 
to ^ ^ is always bigger than zero: 


dVes ^ ( 1 ) ( 2).2 

dz"^ Ibvr^ Jq (k‘^ + + ml) 


(5.22) 


Finally, the 2x2 Hessian matrix is positive dehnite. The non-vanishing second deriva¬ 
tives of the effective potential, d'^Ves/dv'^ and d‘^Ves/dw‘^, are bigger than zero at the 
critical point. 

In snmmary we have seen that in the case we have Gtb = 0 and Gt,Gb > Gcrit the EW 
symmetry is broken. Both anxiliary helds and condense in snch a way that the 
electromagnetic U{1) symmetry remains nnbroken. 


5.3.3 The case Gtb 7^ 0 

Now we consider the case Gtb ^ 0 for a non-symmetrical stationary point with n, tc 7 ^ 0. 
The following equations must hold (from Eqs. (I5.11|l - (l5.1d|) h 


ml. 


ml. 



cosrj^, 
+ 9q^9q^^^ cos r]^, 


(5.23) 

(5.24) 





9q^9i^^ sinr; = 0 . 


The last equation can be fulhlled only if 


(5.25) 


sinr 7 = 0. (5.26) 

To see this, assume that sin 77 ^ 0. In that case the following equality must hold: 


E(i- 

q=t,b 


A2 


log 


( 


A^ 


\ml 


+ 1 


9!1^9? = 0. 


But this implies Gtb = 0. The case Gtb = 0 was treated separately in the previous 
Subsection. 
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We also have to check the condition b) of ()5.1()|1 . Taking only the qnadratically diver¬ 
gent terms, Eq. (I5.16|) becomes 


dVeii ( 1 ) ( 2 ) ( 1 ) {2).V 

- -^(91 ’gl + 9l ’9l l-cosT]. 
In order to fnlhll condition b) the relation 

9b COST] > o, 


(5.27) 


(5.28) 


must hold. This can be achieved by choosing the sign of cosn equal to the sign of 

For the condition c) we need the Hessian of Wfr- For sinr^ = 0, using Eqs. and 

in the calculation we obtain 


dOadOb 



( w/v —1 
-1 v/w 
0 0 




( 1 ) ( 2 ) 

g\ 'g^q cosg 
0 


( 1 ) ( 2 ) 

9q gq cosg 

(giy 

0 



(5.29) 


with 9a = v\w\g'. Considering only terms of order we have 


d^VeS 

dOadOb 




-1 

v/w 

0 



(5.30) 


Thus, using Eq. (lOHll . we see that the Hessian matrix possesses two positive eigenvalues 
and one equal to zero. Expanding in rr?J the next contribution to the eigenvalue, which 
is zero at leading order, is given by 


N dxx 

87J-2 ^ (x + mlY 

q=t,b ^ 


(5.31) 


Therefore the Hessian evaluated at the point given by Eqs. (Ik:^ and is positive 

dehnite. 
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t 





0 


Figure 5.1: Diagrammatic representation of the gap equation for mt- 


We compare this local minimum with the symmetrical point v = w = 0. To do that 
we do not calculate the Hessian at n = w = 0, we just compare the value of Wff at the 
two points. Using the following two equations 


9 2 2 2 

mjj^v ^ 



(5.32) 


4 

TTi 

dxx [log(x + m?) — log(x)] = - — (log(A^/m^) + 1/2) + (2(m®/A^), (5.33) 

one can see that the asymmetric point has a lower energy than the symmetric one. 

We consider now the Lagrangian (j5.1|l in the approach used in Section |21 i.e. without 
introducing auxiliary helds. Doing that, one should investigate the possibility of having 
further symmetry breaking mass terms besides the mass terms with q = t, b. 

Additional terms like rhq'ipqi'^^'ipq would in general violate the CP symmetry in the four- 
fermion interaction term (by going to the fermion mass basis, the coupling Gtb can become 
complex) while a term like rritb'ipt'^b + h.c. would break the electromagnetic U{1) symme¬ 
try. The auxiliary held method offers, as we saw, a convenient framework to treat these 
phenomena. We saw that the VEVs of the auxiliary helds are real and that z = 0. This 
is equivalent to show that these additional mass terms {rhq and rritb) are not dynamically 
generated. Considering only the usual mass terms we obtain the following gap equations^ 
for rrit and 



rrit = 2iN 


mb = 2iN 


dH f mt Gt mb G 


(2ir)* 

dH 


P — ml 

mt Gtb 
(27r)^ I ~ mt 


+ 


+ 


tb 


P — ml 

mb Gb 

P — ml 


(5.34) 


(5.35) 


* A numerical analysis of these equations including also gluon exchange is made in 1^3] for A = 10^® GeV. 
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where negative mass parameters are allowed. Eq. (I5.34j) is shown diagrammatically in 
Fig. 15.11 For Eq. (I5.35j) there is an analogous representation. One can also see that Eqs. 
()5.34|) . (I5.35|) may be obtained from Eqs. 

Now we discuss Eqs. and (I5.35|) assuming Gtb 7 ^ 0. These equations can only 

be fulhlled if and are both zero or both non-zero. We consider m^/A^ <C 1 and 
estimate the values of G*, Gh and Gtb which are needed in order to have non-vanishing 
quark masses. From these equations we obtain 


TfltiGt Gcrit) T ^^6 Gtb ~ 0? 

Tflt Gtb "^biS^b Gcrit) ~ O5 

with Gcrit = 87r^/(AfA^). For the top-bottom mass ratio this implies 


(5.36) 


mt 


Gtb 


Gcrit ~ Gb 

mb 


Gcrit ~ Gt 


Gtb 


(5.37) 

In order to obtain non-zero quark masses (remember we are assuming here Gtb 7^ 0) the 
couplings G must then obey the equation: 


——{Gt + Gb) - j^{GtGb - Gff^) — 1 -h 0{myK^). (5.38) 

^crit ^crit 

If the condition for having only one Higgs doublet, GtGb = G%, holds, one obtains 
(Gt -|- Gb)/Gcrit = 1 + 0{myh?) as expected. 

For a given Gtb ( 7 ^ 0), the values of Gt and Gb which fulhll Eq. fj5.38j) describe a 
hyperbola. Gt, Gb need not necessarily be positive. As in the previous cases, in order to 
obtain quark masses much smaller than A, it is necessary to consider the terms suppressed 
by a factor my Is? and do fine-tuning. 

There is a question for which we do not present a direct answer because it involves 
hne-tuning of many parameters: Given the parameters of the theory, Gt, Gb-, and Gtb, is 
there symmetry breaking or not? It is enough to say that if Eqs. and ()5.35p can be 

fulhlled (with 0), EWSB occurs. We do not give here an analogon to the symmetry 
breaking condition Gt > Gcrit obtained for the minimal scheme. 


In summary we have seen in this Subsection that for a interaction term of the form 
given in Eq. ()5.1|1 with Gtb 7 ^ 0 EWSB occurs if Eqs. (I5.34|l and ()5.35|1 are fulhlled (with 
mq 7 ^: 0). Besides, the GP symmetry is not spontaneously broken. For the auxiliary held 
analysis we restricted ourselves to the case where both auxiliary Higgs doublets condense, 
because only in this case spontaneous electromagnetic or GP symmetry breaking are 
possible. In Section IHl we shall see that for a four-fermion interaction term involving the 
3 families, spontaneous GP violation can occur. 
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5.4 Composite Higgs boson masses 

5.4.1 Goldstone bosons 

In order to calculate the mass spectrum of the composite Higgs bosons, it is helpful to 
identify the Higgs boson degrees of freedom which correspond to Goldstone bosons. In 
this Subsection we express the neutral and charged Goldstone bosons in the auxiliary held 
basis. We shall use this information for choosing a convenient basis for the calculation of 
the Higgs boson self-energies. 

The Goldstone theorem states that for every spontaneously broken generator of a 
continuous global symmetry a massless boson, i.e., a Goldstone boson, appears. If the 
broken symmetry is a local one, the Goldstone boson does not appear in the physical 
particle spectrum of theory. In this case the Higgs mechanism takes place: The Goldstone 
boson is absorbed by the gauge boson associated with the broken local symmetry, which 
in turn gets massive. A massive gauge boson possesses 3 degrees of freedom, one more 
than a massless one. 

If a global symmetry is broken by the VEVs of some scalar helds, the Goldstone 
theorem says also how to express the associated Goldstone boson held as a function of 
the scalar helds. The Goldstone bosons are given by the inhnitesimal displacements of 
the scalar held VEVs under the transformations generated by the broken generators 


ot ^(k) T^k) ^ ^ for fc = 1, 2, 3, (5.39) 

where are the Goldstone boson helds, the broken generators, and < 0 > repre¬ 
sents the VEVs of the scalar helds. Let us write the VEVs of and H^‘^\ given in Eq. 
using a real matrix (only to avoid i factors) 


< 0 > = 


/ — 
I 

0 

0 

VO 


^COST]\ 

0 

0 / 


(5.40) 


where the two columns refer to the two Higgs doublets and the four rows refer from 
above to below to the real part of the neutral component, the imaginary part of the 
neutral component, the real part of the charged component, and the imaginary part of 
the charged component, respectively. The broken generators of SU{2)l x U{1)y are given 
by 





5.4: Composite Higgs boson masses 


59 



i 


a 



i 



= 




iT(^) = 


/ 0 

0 

1 

0\ 

0 

0 

0 

1 

-1 

0 

0 

0 


-1 

0 

0/ 

/o 

0 

0 

-1\ 

0 

0 

1 

0 

0 

-1 

0 

0 

V 

0 

0 

0/ 

/o 

-1 

0 

0\ 

1 

0 

0 

0 

0 

0 

0 

0 

VO 

0 

0 

0/ 


(5.41) 


(6.42) 


(6.43) 


Inserting into Eq. dEsni) we obtain the following expressions for the charged and neutral 
Goldstone boson helds 


cx V + w e (5.44) 

G cx Xm( n 0 °d) -|-y; 00 ( 2 )^^ (5.45) 

where the helds (;/)=*=(*) yj-g components of the Higgs helds 


5.4.2 Change of Basis of Auxiliary Fields 

We dehne new bases for the auxiliary helds in the neutral and charged sectors. We 
choose the new bases in such a way that the Goldstone bosons, identihed in the previous 
Subsection, become basis vectors. Later we calculate the two-point proper-vertex matrices 
in these bases. The advantage is that in each sector, neutral and charged, one of the basis 
vectors of the proper-vertex matrix is already an eigenvector with associated eigenvalue 
equal to zero, i.e. a pole of the propagator. 

In the four-dimensional neutral sector we dehne the new basis by 


\gI 


/7^e0O(l)\ 

Xm 

7^e0°(2) ’ 


(5.46) 
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where the orthogonal transformation matrix R is given by 


R 


/ w 0 —V cos rj 
1 0 tn n sin 7] 

V Q W COST] 
yO V —w sin?7 


—V sinr^X 
—V COST] 

w sin ?7 
w COST] y 


(5.47) 


The field G is the normalized Goldstone boson found in Eq. dElSl)- In this new basis the 
mass term of the neutral bosonic fields is given by 


with 


- 1 ^ 


1 = 1,2 


\GJ 


(5.48) 




M = 


v2 _|_ yj2 


"Hi 
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H2 


vw[m 
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Hi ■ 
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0 




vwim 


Hi 




vw{rri\j,^ - 

0 \ 

0 

- mjjJ 


0 

0 



(5.49) 


Now we turn to the charged sector which is composed of two charged helds. The new 
basis is defined by 



1 —V \ 


(5.50) 


where the charged field is the normalized charged Goldstone boson found in Eq. (jEH- 
In this new basis the mass term for the charged scalar helds is given by 


- D 

i=l,2 

- 2 I 2 

V^+W^ 




(5.51) 




We shall use these auxiliary held bases in the Subsection 15.4.41 and in Ghapter IHl 



















5.4: Composite Higgs boson masses 


61 


5.4.3 The case Gtb = 0 


For Gtb = 0 the neutral sector is approximately twice as large as the neutral sector of 
the minimal scheme (see Section ESI). In the neutral sector of the minimal scheme one 
continuous symmetry is spontaneously broken. A Goldstone boson appears. Besides there 
is a neutral Higgs boson with a mass equal to 2mt. In the present case there are, at least 
classically, two broken symmetries. The one with the quantum numbers of the Z boson 
and the PQ symmetry. We obtain here a Goldstone boson and an axion ^01- The PQ 
symmetry is actually anomalous which implies that the axion^ gets a mass from instan- 
ton contributions. Furthermore in analogy with the minimal scheme there are two Higgs 
bosons with masses 2mt and 2mb. 

Let us now consider the charged sector. The relevant part of the Lagrangian is given 
in the quark mass basis by 


- 44 + h.c. 


aux 


(5.52) 


The 2x2 proper vertex matrix of the charged helds, shown diagrammatically in Fig. 15.51 
is given by 



(5.53) 


(see Eq. fOHll for the dehnition of iT with 



(5.54) 


where I{mt,ml]p‘^) is defined as 



(5.55) 


^An axion at the electroweak scale is experimentally ruled out. 
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First we evaluate the matrix U for a vanishing external momentum squared: 


f/(/ = 0 ) 


—2ml 

2mtmb 


2mtmb\ 

-2ml) 


I{ml, ml] 0). 


(5.56) 


The determinant of U{p^ = 0) is zero. This reflects the appearance of the expected 
charged Goldstone boson. To hnd the mass of the charged composite Higgs, we need the 
value of at which the second eigenvalue of U becomes 0. If we make the following 
approximation 


log(AVmj), log(AV"tfe), I {ml, ml; p'^ 


log A^ 


where logA^ states, e.g., for log(A/l GeH)^, the matrix U takes the form 


(5.57) 


U{p‘^) ^ 


p^ — 2ml 
2mtmb 


2mtmb \ 
p^ — 2ml) 


log A^. 


(5.58) 


The last matrix has vanishing eigenvalue at p^ = 2{ml + ml). If one calculates the second 
eigenvalue from U{p^) without the last approximation, one finds that the charged Higgs 
mass, for example for A = 10^° GeV, differs only by 1%. 


5.4.4 The case Gth ^ 0 

Now we consider the case when Gtb 7 ^ 0 and both auxiliary fields condense. Let us first 
calculate the composite Higgs masses in the neutral sector. It is convenient to adopt the 
auxiliary held basis dehned in Eqs. (I5.46|) - (I5.49I) in which the neutral Goldstone boson 
held is one of the basis vectors. The orthogonal matrix R is given, for sin?; = 0, by 


R = 


\/v^ R iiR 


/ w 

0 

—V cosp 

0 \ 

0 

w 

0 

—V cosp 

V 

0 

w cosp 

0 

VO 

V 

0 

w cosp y 


(5.59) 


Note that only the VEV of is diherent from zero, < >= y/(n^ + ?n^)/2. The Yukawa 

coupling term involving the neutral helds is given by 


-^Ivukawa-neutral = “ X] ( 44 + ^b^ + h.C. ), (5.60) 

i=l ,2 

where the couplings A are the Yukawa couplings in the quark mass basis. Due to the 
condition (Ik:^ these are real coupling constants which can diher from the respective 
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/ 


Figure 5.2: Feynman diagrams contributing to the neutral two-point proper vertices of auxil¬ 
iary fields in the case of one quark family. The fields ip and p) stand for the four 
bosonic fields , p^, p^ and G. 


Yukawa couplings in the weak basis g only by a sign. Using Eq. (15.461) we obtain the 
Yukawa term in the new basis: 



(w — ncos ?7 A®) 2 ^- 

■^Viika.wa.-nfinhra.l — , _ - [p tt +p 


\/v‘^ + 




V^rrit 


(5.61) 


--{p^t t -k Gti'y^t) + 


where the dots represent analogous terms for the bottom held. The only difference which 
appears in the 6 -quark terms is that in this case it is necessary to replace 75 by — 75 , as 
we can see from Eq. (I5.60|) . There are top-loop and bottom-loop contributions to the 
two-point functions we want to calculate. These two contributions have however the same 
form. A change of the sign in front of 75 has no consequences for the neutral two-point 
functions. 

As we saw at the beginning of this Chapter the Lagrangian we consider is CP-invariant. 
This symmetry is also not broken by the vacuum of the theory because sin 7 = 0. As a 
consequence the CP-even {p^ and p^) and the CP-odd {p^ and C) helds do not mix and 
the 4x4 two-point proper vertex matrix is a block diagonal one. 

The Feynman diagrams we have to calculate are shown in Fig. 15.21 Using Eqs. (I5.23j) 
and the non-vanishing two-point functions are 
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q=t,b 


■2A’E(i-7f'°s(AVm;) 
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- + - + 2z;«;)AWA®cosr^ 

V w / y « 


iTG,Gip‘^) = 

^r^ 2 ,G(p^) = 


iN 


87r^(v^ + w"^] 


P‘ 


Y1 2 mJ/(m2;p2)^ 


q=t,b 


iN 


87j-2(y2 _j_ yj2'j 


P^ 


(5.62) 

(5.63) 

(5.64) 


q=t,b 


in the CP-odd sector, and 
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87r^(t;^ + w"^) 


(p 2 - Ami) 


q=t,b 

Y 

A 2 




-2A‘^ “ ^log(^V"ig) j (~ + ~ + COST] 

q=t,b 


ip^i^P ) 
*r<^i^(^3(p^) = 




87r2(n2 _|_ y;2\ z. 

^ ^ q=t,b 


5^ 2mJ (p2-4mJ) J(m^;p^) 


iAf 


87r2(n2 -I- yj2 


'Y'^'^q ip^ - ^rnl)KqI{ 


2 2 a 

m^]p ) 


q=t,b 


in the CP-even sector. The factor Kq is defined as 


Kq = w cos p X^}'^ — V A®, for g = f, b. 


^q — - -I -'q - -'q 

The integral I{m?np^) is given by 




Ihvr^ f ddl 


(5.65) 

(5.66) 

(5.67) 


(5.68) 


(5.69) 


i J (27r)^ (/2 — m2)[(/ + p)2 — 77i2j 

The masses of the bound states are given by the values of p^ at which the proper vertex 
matrix has vanishing eigenvalues. From Eqs. (I5.63P and (I5.64|) we see that at = 0 a 














5.4: Composite Higgs boson masses 


65 



Figure 5.3: Feynman diagrams contributing to the charged two-point proper vertices of aux¬ 
iliary fields in the case of one quark family. The fields and p> ^ denote the 
charged fields and . 


zero eigenvalue with associated eigenvector G, the neutral Goldstone boson, appears. In 
the GP-even sector the entry of the 2x2 matrix is of order^ and therefore, 

for -C A^, much bigger than the other matrix elements. In hrst approximation the 
smaller eigenvalue of this matrix is given by zF^a ,^3(p^). From Eq. (jh.tifijl we see that the 
propagator has a pole located at ~ The other two eigenvalues, associated with 

a GP-even and a GP-odd held, are of order A^. 

Now we treat the charged sector in an analogous way. We use the auxiliary held basis 
dehned in Eqs. (IH3nil and (I33TD . The Yukawa terms are 


C 


Yukawa-charged 


Vv‘^ + 




t {Kt Pl - Kb Pr)6 ' + V2G^t {mt Pl - rUb F^)b' + h.c. 

(5.70) 

where Pl and Pr are the left and right projectors. For the two-point proper vertices, 
represented by the diagrams of Fig. 15.31 we obtain 




iNA^ 




q=t,b 


1 ^ log(AV^?) ) ( ^ + ^ + 2uu;) 


W V 


V w 


iN 


167r^(u^ -f w^) 


COST] 


+ ^b) + ^rntrnbKtKb\I{rnl,rnl]p^'^ 


{Kb - Kl) {ml \og{A^/ml) - ml \og{A^/ml)) |, 


(5.71) 


® It follows from the reasoning after Eq. (15.2511 that (l - ^ log(AVm2)) + 0. 
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V2iN 


167r^(t;^ + w'^ 


[p\mtKt + rUbKh) - {mtKt - mbKb){mi - ml)] I {ml, ml] 

+ {mtKt - m^Kb) {ml \og{A'^/ml) - ml \og{A‘^/ml)) 

(5.72) 


i^G+,G-{P^) = 


with 


iN 


87r^{v^ + w"^) 


^{ml + ml) - {ml - ml)’^]I{ml, ml]p^) 

+ {ml - ml) {ml log{A‘^/ml) - ml \og{A‘^/ml)) |, 


(5.73) 


r / 2 2 2 \ 

I{mt,m^]p ) = 


IGvr^ 


dH 


(5.74) 


• J (Sjr)-* (i2-m?)|(i + p)2-mg| 

We have here a similar situation as in the neutral CP-odd sector. The {(p~^, (p~) element 
is of order and the other elements of the matrix vanish at p^ = 0. Therefore the two 
poles are located at = 0 and at p^ = 0{A^). 

We turn now to the Yukawa coupling constants at low energy. From the 8 scalar 
degrees of freedom which are present in this model, 3 are Goldstone bosons (they are 
treated in detail in Section E3D and 4 possess masses of order A, which is the upper limit 
of the validity range of the model. For energies lower than A only one neutral scalar 
particle, with mass mn ~ 2mi, is present. In a good approximation this particle can be 
described by the held Its Yukawa interaction at the scale A is given by 


T^Yukawa =- , ^ {V^mttt + \/2 771), &'&'). (5.75) 

Now we express the Yukawa coupling at zero momentum. From the inverse of the propa¬ 
gator, Eq. ()5.66|) . we obtain the appropriate scaling factor in order to get the conventional 
normalization of at the scale /i = 0 




3 


N 


87r2(y2 _j_ yj2'^ 


^ 2mJ logAVmjj 



(5.76) 


Replacing Eq. (I5.76|l in Eq. ()5.75j) we get the same interaction we found in Section ITTH 
Eqs. fionii and Eq. (gUD, modihed for the case of 2 quark havors. We see in this way 
that at energies much lower than A this model cannot be distinguished from the one which 
has only one auxiliary Higgs doublet from the beginning. In the last case the condition 
GtGb = Glij must hold, see Section lOl 
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5.4.5 Composite Higgs boson masses: Summary 

We calculated the masses of the composite Higgs bosons when both auxiliary helds con¬ 
dense considering separately the cases of having Gtb equal or different from zero. There 
are qualitative differences between these two cases. For Gtb = 0 the Lagrangian possesses 
a PQ symmetry and the theory contains an axion. A further qualitative difference is re¬ 
lated to quadratic divergences in the two-point functions. For Gtb 7^ 0 there are quadratic 
divergences in these amplitudes and as a consequence the theory predicts bound states 
with masses of order A, the upper limit of the validity range of the model. In the case of 
having Gtb = 0 the gap equations cancel all these divergences and all poles lie well below 
A. In the two cases there are, as expected, 3 Goldstone bosons related to the broken elec- 
troweak symmetry generators. For Gtb = 0 the theory predicts also an axion, 2 neutral 
CP-even Higgs bosons with masses 2mt, 2mb and a charged Higgs boson with a mass 
~ y/2(m^ -|- ml). If Gtb ^ 0 one expects one neutral CP-even Higgs bosons with mass 
2mt. The other poles in this case are of order A and cannot be interpreted a Higgs 
particles. 

We see that both for the case of having Gtb = 0 and for Gtb 7^ 0 the number of 
parameters at low energies is two. Once one hxes them, e.g. by the experimental values 
of the quark masses, the model is completely specihed. For the case Gtb 7^ 0 one would 
like to understand why the number of parameters is only two and not three. The technical 
reason is that in order to satisfy the hrst derivative conditions simultaneously, the relation 
Eq. ()5.38j) must hold. This supplies an extra constraint. 

Finally it must be said that the case Gtb = 0 is experimentally ruled out because an 
“electroweak” axion has not been found. 
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Chapter 6 

Three Generations of Qnarks 


So far we have studied models which either have only one composite Higgs doublet (Section 
EM, or we considered just the third family of quarks (Chapter Ej). In order to construct 
a model with three quark generations with dynamical EW and CP symmetry breaking 
which leads to a quark mass spectrum, to family transitions, and to a CP phase which 
are in accord with observations, a more general four-fermion self-interaction is needed. 
We investigate such a self-interaction term in this Chapter. 

In order to get a realistic CKM matrix which is CP-violating, one could start with 
a four-quark interaction term which violates the CP symmetry explicitly. In that case 
one obtain naturally a non-trivial phase (and mixing angles) in the CKM matrix. We 
are interested, however, in a different possibility. We put the CP symmetry on the same 
footing as the EW symmetry, that is, we consider it as a spontaneously broken symmetry. 
That would give a dynamical explanation to this phenomenon (see Chapter |2I). 

The generalization of Eq. (EH) to the case where all quarks interact is given by 


— Gijkl {i>iLUjR){uiR'lpkL) + {i>iLdjR){diRll)kL) + [G ijkld^^{'4^'iLdiR){'4^kL'^lR) + h.c.]. 

( 6 . 1 ) 

The notation used in this equation was introduced in Chapter HI The Lagrangian 
includes four-fermion terms which mix quark fields of different quark families. 

Because we demand the Lagrangian to be CP-invariant, all the coupling constants G 
in are considered to be real. In this case the number of parameters of Eq. dnm) is 
171.^ Where we do not count the cutoff A which is also a parameter of the model. 


^ After requiring hermiticity of the Lagrangian there are 45 independent couplings G, 81 couplings G 
and further 45 couplings G . 
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We now rewrite the interaction term, Eq. (ED), in terms of auxiliary fields which have 
the quantum numbers of the SM Higgs doublet held, as we explained in Chapter HI We 
do not consider completely arbitrary couplings G. For simplicity we restrict ourselves to 
the subset for which the theory can be described by means of only two auxiliary helds, 
hfd) and In terms of these auxiliary helds the four-fermion term is replaced by 

2 

£aux = - (6.2) 


/:Yukawa = ” ( 9h i^kiUiR + h.c. ). (6.3) 

i=l 

The relations between the real coupling constants in the two formulations of the model are 
given in Eqs. (gSD- In consequence we restrict ourselves to a model with 36, essentially 
the four 3x3 Yukawa matrices, parameters (plus the cutoh scale A). 

We are now confronted with the following problem. We want to hnd the values of the 
parameters of the model such that the vacuum of the theory breaks the EW symmetry 
in the observed way. Besides, the generated CKM matrix and the quark masses must 
correspond to their measured values. However, the relation between the 36 parameters 
of our model and the quantities to be reproduced is rather complicated. In order to hnd 
an analytical solution we introduce in the next Section a self-consistent approach to the 
problem. 


6.1 Self-consistent Approach 

For the purpose of Ending local minima of the effective potential we proceed in a similar 
way as we did in Chapter Hlfor a simpler Lagrangian. Due to gauge invariance it is possible 
to consider the dependence of the effective potential on the auxiliary helds, and 
just through the four variables v , w , rj , and z , where 

(6.4) 

with v\w\z > 0. We examine the three conditions written in Eq. (ICTIl) which are 
sufficient in order to have a local minimum which respects the electromagnetic U{1) 
symmetry, i.e. with z = 0. These conditions consist in having a) vanishing hrst derivatives 
of the ehective potential with respect to the variables v , w , and rj , h) a positive hrst 
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derivative of Kff with respect to and c) a positive definite 3x3 Hessian matrix related 
to the variables v , w , and r] . 

We nse a self-consistent method in order to hnd the portion of the parameter space 
for which the model generates realistic CKM matrix elements and qnark masses. First, 
we assnme that the minimnm of the effective potential (denoted by non-primed symbols) 
is given by a held conhgnration with non-trivial valnes of n, w, and r] 0,7r) and with 
z = 0: 


f JL_\ / we^^ \ 

(6.5) 

VEVs of this form are necessary in order to have a theory with spontaneons CP symmetry 
breaking and unbroken U{l)em symmetry. 

Inserting the Higgs VEVs in the Yukawa interactions, Eq. (insi), one gets the quark 
mass term: 

2 

/Im = - ^ ( gti UkLUiR < 0°^*^ > + hfi dkLdiR < 0°^*^ >* -h h.c. ). (6.6) 

i=l 

The quark mass matrices for the up- and down-type quarks in the last equation are 
in general non-diagonal. In order to diagonalize them we perform the following chiral 
rotations: 


UiR = Wf- m'-^, UiL = f/“. n'-i, 

diR = Wf- d'-K, diL = Ufj d'jL, 


(6.7) 


where the primed helds denote the fermion helds in the mass basis and f/“, H7“, 

are basis transformation matrices. The CKM matrix is given by Vckm = In the 

new basis the quark mass matrices, which are now diagonal and real are given by 


Mu 

Md 




A(i) ^ + a(2) 

“ V2 “ 72 ’ 


( 1 ) V ( 2 ) we 


IT) 




72 ’ 


where the Yukawa couplings in the mass basis a 7, are dehned by 


( 6 . 8 ) 


^« = V“A7lV“^ for f = 1,2, 
h® = aJ^^ fori = 1,2. 


(6.9) 
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We emphasize that the Higgs VEVs in Eq. (ESI) are still not determined. 

Using the last definitions, the relations between the composite helds and their 
constituent quark helds are given by: 


0 O(*) 


0 


(d 


1 




(ur a u'l + (4 dR^, 

(h/j A^*^^ VcKM d^ - VcKM Arf j , 


for i = 1, 2. Besides, the interaction term /lyukawa is given in this basis by 


( 6 . 10 ) 


C 


Yukawa 


E ( h T’ “H - U.VcKM Aj” 4 

i=l 

+ til'd™ a!;i ««.#.-“1 + <4 A™ 4/<■>• + h-c.). 


( 6 . 11 ) 


with 0 +b) = (j) W*_ 

Combining Eqs. ESI) and ESD and using the fact that the matrices and h-b) are 
real, it is possible to write the Yukawa couplings in the weak basis, g^'^\ hd\ as a function 
of the Higgs VEVs, the quark masses, and the basis transformation matrices: 




42 


- cot g Jm(f/“M„lU“i)], 


42 


w smg 




[2 

— [7^e(f/^MrflU‘^i) + cot g Im{U^MdW '^^)], 


42 


w smg 




( 6 . 12 ) 


We have in this way transformed the original problem into one which can be solved 
in a self-consistent way: We must hnd values of n, tc, and g, to which we associate the 
Yukawa couplings given in Eqs. EH, such that the resulting effective potential has its 
minimum at the same values v, w and g (besides z = 0). For this purpose we can vary the 
basis transformation matrices [/“, 1U“ and W^. These are arbitrary unitary matrices 

which must obey the condition = Vckm- 
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6.2 Derivatives of the Effective Potential 


In this Section we calculate the first and second derivatives of the effective potential 
related to the Lagrangian Eq. (iniii). These expressions are needed in order to apply the 
minimum conditions given in Eq. (ICTIl) . 

The effective potential was calculated in Chapter |3] We are considering the special 
case in which the Lagrangian given in Eq. (ED) can be rewritten with the help of only 
two auxiliary helds. The function to be minimized is given by 


with the 6x6 matrix A given by 


N 

Svr^ 



dk"^ logdet(/c^ + A), 


(6.13) 


In the last equations and in the following ones a sum over repeated indices is understood. 

We only consider derivatives of Ves at the hyperplane given by c; ^ = 0. At each 
point of the hyperplane it is possible to diagonalize the matrix A. This is equivalent to 
the diagonalization of the quark mass matrices that can be done performing the chiral 
transformations introduced in Eqs. (EH). The change of fermion basis modihes the matrix 
A of the fermion determinant in the following way: 


/lT“t 0 \ fW^ 0 \ 
VO iy'^7 V 0 wy ’ 


(6.14) 


where the r.h.s. of the last expression is a diagonal matrix. The determinant det(/c^ + A) 
does not change after the substitution Eq. EH- 

We put the matrix A in diagonal form because it simplihes the calculation of the 
derivatives of the effective potential. In particular, the matrix A at the minimum of Ws 
corresponds to a diagonal matrix formed by the squared quark masses 


A{v, w, r], 0) = diag(m^, ml, ml) 


(Ml 0 \ 

V 0 Mj) • 


Using Eqs. EH) and El) the matrix A can be written as 


(6.15) 


( VcKM^Xf 


(6.16) 
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6.2.1 First Derivatives of the Effective Potential 

Having expressed the effective potential in a more convenient form, we calculate its first 
derivatives. First we consider the derivatives with respect to the variables v , w , and rj . 
The following relation will be useful; 


^logdet(A:^ + H) 


{v,w,ri,0) 


2 = 1 


1a 


QQ 


{v,w,ri,0) 


(6.17) 


for 9 = v\w and t] . The fact that at the evaluation point the matrix A is diagonal and 
that the hrst derivatives of its matrix elements with respect to the variables 9 are well 
dehned (that is not true for see below) leads to the previous relation. From Eqs. 
(ICT) and (iniii) we obtain 


89 




89 \ ) 

89 \ ) 


N A k^cte 

871-2 J f^2 jy^2 QQ 

7=1 ^ ' 


{v,w,r],0) 





—A- 
89 " 


(v,UI,Tj,0) 

( 6 . 18 ) 


for 9 = V ,w and r]'. Only the diagonal elements of A are relevant to these hrst derivatives 
of Ves- Writing the matrix A in block form 


fAll H12\ 
H 22 J ’ 


we need to concentrate only on 

All = (A<‘>tAP) 1 + (A«)tAf ) A + (AWtAfe-"' + AftA<‘>e-"0 
A22 = (A<‘>Ar)^ + (AfA™ 

The derivatives of the diagonal elements of A with respect to t]' are given by 


) ^ + (Af 


(6.19) 


( 6 . 20 ) 
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{A22)ii = —V w Xm 


x{2) x(i)t 




( 6 . 21 ) 
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In this way the condition 


dV, 


eff 


drj' 


= 0 


( 6 . 22 ) 


(v,w,r),0) 


takes the form 

v'w' ^ (^1 - ^ log ^ ) 

where is the 6x6 block-diagonal matrix given by 


{v,w,r},0) 


= 0 , 


(6.23) 


, xb)tx(2) 
v(0) _ ( 

0 


0 

x(2)x(l)t 


(6.24) 


In order to have spontaneous CP violation both v and w must be non-zero at the mini¬ 
mum. Thus we obtain 




= 0 . 


V =v 


(6.25) 


Note that the last condition does not depend on v' or w' explicitly. Now we consider 
the hrst derivative of I4fr with respect to the variable v . The derivatives of the diagonal 
elements of A are given by 


Therefore the condition 



Af)__ e">( 

v +M;'77e 

\ /II 

’(A’A’').x"'' 

L \ /It J 


(6.26) 


dV, 


eff 


dv' 


= 0 


(6.27) 


{v,w,r],0) 


takes the form 


2 




2=1 


A 2 


A2 \mj 


+ 1) )(S« + ^77e(sfe*^') 


{v,w,r],0) 


(6.28) 
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where we used the following notation 


= 



\ (*) \ (*)t 


for f = 1, 2. 


(6.29) 


In a similar way we obtain the first derivative condition related to the variable w : 
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NA^ 
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m. 


A2 


A2 ( 2+1 




do). 


{v,w,r],0) 


(6.30) 


Now we consider the dependence of the effective potential on z"^. The matrix A at a 
given point {v ,w ,r] ,z‘^) can be written as a sum of the matrix A evaluated at the point 
{v ,w , 7 ] ,0) in its diagonal basis, and terms proportional to 2 : and 2 


that is, 


Vl = M.^ + Af'Af .y 
.422 = Ml + Af Af * 

A12= VcKM ^CKM A^^) , 

A21 = (A12)^ 


(6.31) 


with 


A = 


'mi + 

2 ' Tt 


zT 




(6.32) 


T = 




Vckm Ai'^^ - A Vckm Af ^ 


(6.33) 


The determinant of (/c^ + A) contains only even powers of z . This is because all terms have 
the same number of factors 2 coming from the submatrix A12 and from the submatrix 
A21. Thus, the effective potential written as a function of 2 ^ is given by 


Ves = const + m 


H 2 


'2 

2 — 


N 




k'^dk'^ logdet(A;^ + A), 


(6.34) 
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where the determinant det(fc^ + A) is a sixth degree polynomial of z"^\ 

det(fc^ + A) = Co + C 2 + C 4 + ... + C 12 z^‘^. (6.35) 

The first derivative of the effective potential with respect to z'‘^ at the point z’^ = 0 is 
given by 


(9V; 


eff 


dz’^ 


= m 


j'2=0 


H2 


N 

Svr^ 


r-A2 


k^dk^ 


C2, 


n {k^ + mj) 

i=l 


(6.36) 


with C 2 defined in Eq. fj6.35j) . There are two types of terms which contribute to C 2 , 


C2 


n (F + mf) 

i=l 
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k2 _|_ ^2 


E 

i=u,c,t 

j=d^s,b 


ir.y 

(fc2 -I- rn}){kP‘ + m|) ’ 


(6.37) 


namely, terms which are a product of only diagonal elements of the matrix (fc^ + A), 
and terms with one factor from the submatrix ^412, one factor from ^421, and further 4 
diagonal factors. These two type of terms are given by the hrst and second contribution 
on the r.h.s. of Eq. (inszD respectively. The sum in the second term is over all the entries 
of the matrix T. Inserting C 2 into Eq. (j6.36jl and performing the momentum integral, we 
obtain 
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(6.38) 


with 
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log 



(6.39) 
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If we finally make use of the first derivative condition related to w' (Eq. (Ih.dOjl i we obtain 




i=u,c,t 

j=d,s,b 


The relevant results of this Subsection are given in Eqs. (j(i.25|l . (I(i.28|l . (j(i.d()|l and (j(i.4()|l . 

6.2.2 Analysis of the First Derivatives 

Before we calculate the second derivatives of I4g, we analyze the minimum conditions 
involving the hrst derivatives. One can easily hnd a set of parameters which obey the 
minimum conditions associated with the variables v and w , Eqs. and (inisni)- It 

suffices to choose suitable Higgs mass parameters on the l.h.s. of these equations. As 
in the previous cases which we have studied, fine-tuning is needed in each equation in 
order to get rrig -C A. The other two conditions, Eqs. and (ICTll . demand a 

self-consistent treatment. 

Let us start with the first derivative condition related to r] . Eq. is equivalent 

to 



2 

vw 


,. sm ri cos ri 

a + cot T] b) — -h (c -|- cot T] a) ■ 


sm ?7 


sm r] 


where a, b, c, and d are real coefficients defined by 


0 , 


(6.41) 


E (l - ^ log(AVm?)) Tie (a + cot, b), 

T 2 ( 6 - 42 ) 

^ log(AVm-)) 2:m — (c + cot ?7 d). 

\ A^ J \ J vw sm T] 


Direct expressions for these coefficients are given by 
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a = tr 


TZe 
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i=u,c,t 
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^ log(AVm2) 7Ze(^W^^ Xm(W^M^[/^^) Xm(U^M^W^^) 

=u,c,t 

2 

Y^ ^ log(AVm2) TZef Xm{W^MdU^^) XmiU^MdW^^) 


i=d,s,b 


c = tr 



TZeiW^MJJ'^^) Xm{U^M^W^^) Xm{W^MdU^^) TZe{U'^MdW'^^) 

2 

V ^ log(AVm2) Xm( 7^e(W"“M„^7“^) Xm{U^M^W^^) W^\ 

i=u^c,t 

2 

J2 ^ log(AVm2) Jm( XmiVV^MdU^^) TZeiU^MdW^^^) , 


d = tr 



Xm{W^MJJ^^) XmiU^MJV^^) Xm^W^MdU^^^) XmiU'^MdW'^^) 

2 

V ^ log(AVm2) Xm( Xm{W^MJJ'^^) Xm{U^M^W^^) wA 
' ^ A^ V / a 

i=u^cd 

2 

J2 ^ log(AVm2) Xm(^W’^^ Xm{W’^MdU’^^) Xm{U'^MdW^^) . 

i=d,s,b 

(6.43) 
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Making use of the cyclicity of the trace, the last expressions simplify to: 


a = tr[7^e(kh“M„17“^) TZeiU^MdW^^^) ] 


^ log(AV"^?) ^e( 


i=u,c,t 


A2 


2 

- ^ ^ log(AVm2) 7^e(^ ImiW^MdU'^^) 'Re{U‘^MdW^^) W 

i=d,s,b 

b = tT[lm{W^MuU^^) Im{U^MuW^^) + Im{W'^MdU'^^) Im{U'^MdW‘^^) ] 

2 

- ^ log(AVm2) 7^e( Xm{U^M^W^^) W 


i=u,c,t 


^ log(AVm2) 7^e( XmiW^MdU'^^) Xm{U'^MdW‘^^) 


i=d,s,b 


i=u,c,t 


c = - ^ ^ log(AVm,^) Xm(^W^^ 7Ze(W^M^[/^^) Xm([/^M^W^^) 


- ^ log(AVm2) Xml^W^^ XmiW^MdU^^) ne{U^MdW^^) 

i=d,s,b 


d = 0. 


(6.44) 


Because d vanishes, Eq. (ICTll becomes 


, , , Dill I C.-VJD I 

(a + cot rj b) -h c-= 0. 

sm 7] sm T] 


(6.45) 


In order to obtain a solution for rj' different from sinr^' = 0 the coefficient c must not 
vanish. Remember that we formulate the problem in a self-consistent way. We obtain the 
required quark masses and the CKM matrix only if the solution for rj of Eq. ()6.45|) is 
given hy 7] = r]. The self-consistent solution of Eq. (I6.45|) is given by 


cotr] =——^—. (6.46) 

0 -P c 

It follows from Eq. (16.451) that if cot ?7 ~ 0(1) then (a -P cot 77 b) must be of the 
same order than c which has a suppression factor m^/A^. A hne-tuning is then necessary 
also for this equation. In consequence the three first derivative conditions related to the 
variables v , w , and t] must be hne-tuned. 
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Finally we rewrite the vacuum alignment condition. Using the solution for cot rj found 
in Eq. (I6.46j] . and Eqs. (lOnil . (lO^ . the hrst derivative condition related to can be 
written as 


2c 

sin^ 1] 


+ 

i=u,c,t 

j=d,s,b 


> 0 . 


(6.47) 


6.2.3 Second Derivatives of the Effective Potential 

We calculate the Hessian matrix associated with the effective potential and the variables 
V , w , and r] in order to check the minimum condition c) of Eq. (innD. We need to 
calculate the following derivatives: 


dOadOh 


{v,w,r],0) 


dOadOb 




N 

Stt^ 



dOadOb 


log det(A;^ + A) 


{v,w,ri,0) 

(6.48) 


with 9a, 9b = V , w , 7] . For the second term of the r.h.s. the following relation is useful 


logdet(fc^ + A) 


d9ad9b 


E 




{v,w,r],Q) ^ k? + d9ad9b 

2 = 1 ^ 

® 1 

-E 




dAij dAji 


(6.49) 


^ (k'^ + + mA d9a d9b 

2,7 = 1 ^ ^ ^ J ' 


{v,w,r],0) 


where we again used the fact that the matrix A is diagonal at the point {v,w,ri,0). 
Inserting this equation into Eq. (lOHl) we obtain 


d^VeS 

d9ad9b 


(v,w,rj,0) 


—^ (ml 

d9ad9b V ' 


NA'^ 


2 = 1 


5: (i-^iogAv™? 


d‘‘A, 


d9ad9b 


{v,w,r],0) 


N 2 2^ 




(v,w,r),0) 


(6.50) 
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with given in Eq. (lf).H9|l . The hrst derivatives of the matrix A needed in Eq. 

f|6.50|) are given by 


dA 

dv' 

dA 


(i;,It;, 77 , 0 ) 2 

= w ^ , 

(hi,It;,77,0) 2 


dw' 

dA 

dr]' 


(6.51) 


rvw 


(i;,It;,77,0) 




Besides, the second derivatives of the diagonal elements of A, relevant for Eq. (16.501) are 
given by 


d‘^Au 


= 

dv"^ 

(v,w,rifl) 

27 ’ 

d^A,, 


= 

dw"^ 

{v,w,r],0) 

22 ’ 

d^Au 


= -vw Tie (Sf 

d^'2 

{v,w,r],0) 


d^Au 


= 7^e , 

dv'dw' 

{v,w,r],0) 


d^Au 



dv' dr]' 

{V,W,T],0) 


d^Au 


= -vim 

dw'dr]' 

{v,w,r],0) 



Using the last expressions and the hrst derivative conditions we found in Subsection 16.2.11 
we hnally get 


dOadOb 


{v,w,r],0) 



cNK^ 
sin^ r] 


^ 2 2\ 

*j=i 


1/vw 0 
-1/w^ 0 

0 -1 

dAjj dAji 

dda dOb 


ah 


{v,w,r),Q) 




(6.53) 


with Oa-, Ob = v\ w , and r] . 
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6.2.4 Summary 

Here we summarize the procedure which allows to hud the parameter subspace of the 
coupling constants G of the Lagrangian given in Eq. (EH) for which the model predicts 
the correct CKM matrix and quark masses. We restrict our analysis to the case in which 
the four-fermion Lagrangian can be rewritten using only two auxiliary Higgs fields. 

First we choose the four unitary matrices and with the only restriction 

of having a realistic CKM matrix Vckm = For this it is necessary to determine the 

value of 32 real parameters, 9 from each unitary matrix minus the 4 physical parameters 
of the CKM matrix. We also have to choose the values of the VEVs v and w. However, 
it is possible to fix the values of v and w without losing generality. This is because other 
values of the VEVs v and w correspond just to rescalings of the auxiliary fields ifh) 
Using the basis transformation matrices we chose and the quark masses, we calculate the 
values of the parameters a, b, and c using Eqs. (EIH)- Next we do the first check: The 
value of c must be different from zero. This is necessary in order to have a non-trivial 
value of T] and hence spontaneous CP symmetry breaking. If this is the case, the value of 
cot rj is given by Eq. (Ib.4b|) . Because cott] is a function with period tt , the last equation 
leads to two possible values for r], which are, however, equivalent. After that, using Eqs. 

and (El, we find the values of the Yukawa matrices in the weak and mass bases. 
Replacing these matrices in Eqs. and (om we get the appropriate values of the 

auxiliary field mass parameters and At this point we make two further checks 
related to the conservation of the electromagnetic symmetry and the second derivatives of 
the effective potential. The first of these restrictions is given in Eq. ( 1071 ) and the second 
corresponds to having a positive definite Hessian matrix which is given in Eq. (I6.53|) . 
Finally, if the chosen parameters pass all checks the four-fermion parameters G can by 
obtained from Eqs. (El- If not, the chosen parameters do not generate a realistic model. 


6.3 Quark Mass Expansion 

In order to obtain approximate expressions for the quantities calculated in the previous 
Subsection, in particular for c, cot rj, and dVes/dz we perform an expansion in the quark 
mass ratios. We profit from the fact that the top quark is much heavier than the other 
quarks. 

In this expansion only some entries of the basis transformation matrices are relevant. 
We introduce the following notation 

Pi = 7^e(HA“), ri = 7^e(U“3), 

Qi = Si = 


(6.54) 
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The 3-dimensional vectors p, q, f, and s fulfill, as a consequence of the unitarity of the 
transformation matrices, the following relations 


+ q^ = 1 , 

-I- = 1, 


(6.55) 


where p = \p\, q = \q\, r = \ f\, and s = |s |. 

First we consider the coefficients a and b given by Eqs. The contributions to 

a and b can be grouped, depending on the factors m^, in the following way: 


a,b = 0{ml) -P 0{mtmc) -P 0{ml) + 0{ml) -P 0{mtmu) + 

where the leading terms are of order If they are not suppressed by basis transformation 

matrix elements, the following approximations are valid 


a = ml \{p^ — q^){r ■ ^ — {p ■ q){'f'‘^ — + 0{mc/mt)^ , 

b = ml [2{p ■ s) — q^r'^ — -P 0{mc/mt)^ . 


(6.56) 


We give now an approximated expression for cotp (Eq. (j6.46jl T Because we are con¬ 
sidering the coefficient b to be of order ml, we can neglect the contribution of c in the 
denominator of Eq. (16.461). In this way we obtain 


cot r] = 


^ (p^ - g^)(r ■ s) - (p ■ ^(r^ - g^) ^ 


q2^2 _|_ p2g2 


\mt/ 


(6.57) 


2 (p ■ ■ s) 

We repeat that the last expression is valid only if the numerator and the denominator of 
this ratio are of order 1 , and if c 7 ^ 0 . 

Let us now consider the first derivative of the effective potential with respect to ^ 
evaluated at the minimum of the effective potential 




dz'"^ 


{v,w,r],0) 


2c 

9 • 2 

sin T] 


+ 

i=UyC,t 

j=d,s,b 


(6.58) 


First we examine the second term on the r.h.s. of Eq. (j6.58jl . For A much bigger than 
the quark masses we can make the following approximation 


/second term\ _ logA^ tr(TT^\ 
\in Ea. ()6.58|l y ^ ^ 


(6.59) 
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Using Eqs. (I6.33|) . (I6.9p . and (Eni), and the cyclicity of the trace, we obtain for the 
second term of Eq. the following expression 

/second term\ ^ log 4 

yin Ea. (jti.58|) ) 2 v'^w"^ sin^ r] ’ 

where the factor K depends only on the quark masses and on the basis transformation 
matrices 


0 0.9 

V w sm rj 
K = -^- - tr 




= tr 


- neiU^MdW^^) + Xm(U'^MdW^^) 

UeiW^MdU^^) - XmiW^MdU^^) 


(6.60) 


Assuming that the basis transformation matrices do not suppress the factor K, we can 
consider its absolute value to be of order mfml. In this case we obtain 


f second term\ , mf m? 2 

(in Eq,633 ) “ ) S? 


(6.61) 


where the sign of the contributions is equal to the sign of the factor K. We estimate now 
the hrst term on the r.h.s. of Eq. (IfTHHD . For that, we need an approximate expression 
for c. The leading contribution to c is proportional to mf/A^: 


m? 


c=-^log(AVm?) 


Xm 


V rrit rrit / 33 V / 


^\og{A^/ml) (^pV - {P- + ^(“))’ 


(6.62) 


where we used Eqs. fj6.55D . The last result is only valid if (p^g^ — (p ■ q)"^) = (9(1). Using 
it, we obtain for the hrst term on the r.h.s. of Eq. (IH3H11 the following approximate 
expression 


4 


log(A^) -4- iP^Q^ 

sm rj 




hrst term 
in Ea. ()6.58|l 




(6.63) 
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Due to the Schwarz inequality Eq. (I6.63j) is always negative, while the sign of the second 
contribution to dVe’^jdz given in Eq. (Ib.bl|l . is equal to the sign of the factor K. The 
ratio between their absolute values is — {p ■ q)^){rn\/rnl). In order to have a ratio 
smaller than 1 (smaller Erst term), and thus, if K is positive, alignment, the leading 
contribution to c must be suppressed, i.e. p^q^ — (p ■ q)"^ <C 1. Besides, if we suppress the 
contribution to c proportional to we also suppress the whole term with i = t in 

the sum for c in Eq. (If).44|l . and the term proportional to nil/h? coming from f = c in 
this sum. Thus, the leading contribution to c are of the order of the terms proportional 
to m^/A^, ml 

6.3.1 Example 

In order to be more specihc we give an example in which the transformation matrices 
hE“ and are both real. (The two transformation matrices for the left-handed helds 
cannot be simultaneously real because the CKM matrix is complex. In a similar way, 
the transformation matrices for the right-handed helds cannot be both real because c 
must be different from zero, see Eq. (If).44|l .i As we did in Eq. (Ib.bdj) for the up-sector, 
we introduce a convenient notation for the relevant matrix elements of the down-type 
transformation matrices: 


h = ne(\vi), 

1. = (6.64) 

n, = Ke(Ui) = Ui 

Because ^ = 0 we obtain from Eq. (IH37I) : 


r ■ s 

cot n ~ 


(6.65) 


The last approximation is valid only if r- s, ~ 0{1). On the other, hand imposing the 
constraint \{yckm) 3 ‘i\ ~ 1, we get a restriction on the left transformation matrix elements: 
The three vectors n, f, and s must be parallel to each other. Using Eq. (I6.65P and |fi| = 1 
we End 
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and also s = |sin? 7 |, r = |cos? 7 |. Therefore the approximation we did in Eq. (If).f)5|l is 
valid if I cotr^l ~ 0{1). Besides, the factors c and K are given by 


4 

TY) —♦ —♦ 

c logA^/m? — (/ ■ kY], (6.67) 

K ^ mlrrY \{VcKM) 33 \‘^[k‘^ siiP 9 + P cos^ 9 + 2(1 ■ k) sin9 cos9], ( 6 . 68 ) 

where I = \l\, k = |fc|, and the angle 6 is given by (U^^UY 33 = \(VcKM) 33 \e^^■ Choosing 
I = k = 1/y/2 and / ■ = 0 we get 


c ~ 

K ^ 


2 2 

2 


(6.69) 

(6.70) 


With this choice of parameters we obtain c 7 ^ 0 and dVesjdz"^ > 0 (see Eq. ()6.58|l h 
It is necessary to check also the second derivative condition. Calcnlating the Hessian, 
Eq. ()6.53j) np to order mf, one hnds that two eigenvalnes of this matrix are real and 
one is eqnal to zero. In order to obtain the third eigenvalne more precisely and to see 
whether it is positive, a more detailed evalnation of the Hessian is needed. We verihed 
this nnmerically for some specihc cases. 

We give approximate, non-hne-tnned expressions for the conpling constants G of Eq. 
(iniii). For onr example, nsing Eqs. and (HU), we get 


Gijki 

g: 


Stt 1 

]\T \ 2 ~ 2 ^iPj^kPh 
A A"' sm r] 

Sti 


'ijkl 


G[ 


NA^ 

Stt m 


2si{kj - cot r] Ij)sk{ki - cot r]li), 


(6.71) 


ijkl - j^^2 


2 sin ?7 Si(kj - cot r] I j)[(r'i^p'i + s'^ql) - cotr](s[pi - r^g')]. 


where 


p[ = ne(Wt2), r[ = ne(ur2), 

4i = Si = 


(6.72) 


The corrections to Eqs. (lOTD are by a factor ~ rrY/ml smaller for each of the three 
types of conpling constants Gijki, and 
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6.4 Masses of the Composite Higgs Bosons 

We calculate in this Section the neutral and charged two-point proper vertices associated 
with the Lagrangian given in Eq. (iniii) which involves the three quark families. As before 
we restrict ourselves to the case when the Lagrangian can be rewritten using only two 
auxiliary helds which condense and break the EW symmetry in the correct way. The 
situation is analogous to the one of Section 15.41 where only one family of quarks was 
considered. The values of the flowing momentum, for which an eigenvalue of the proper 
vertex matrix becomes zero, correspond to the composite Higgs masses we are looking 
for. 

For the calculation we use the neutral and charged auxiliary held bases which we 
dehned in Subsection 15.4.21 In this Subsection we also found the auxiliary held mass 
terms in the new bases. We need also the Yukawa terms in these bases. From Eq. (ICTD 
we obtain the following Yukawa couplings for the neutral auxiliary helds (p^, (p^, (p^, and 
G- 


C 


Yukawa-neutral 




\/n^ + 




2 

u{Ku Pr -P KI Pl)m'- , ^ u{iKu Pr - iK^ Pl)m' 

\/v^ -f 






U 


V2MuU — 


G 


VnP + uP 


u 


V2Mu *75 u + 


(6.73) 

where the dots represent analogous terms for the down sector. In the charged sector we 
hnd for the helds and G^: 


C 


Yukawa-charged — 


;,, , fi yCKM Pl — VcKM 

VR + 

G+ , , 

—=== u {\/2 MuVckmPl — VcKMV2MdPR)d + h.c., 
-P 


(6.74) 


where Pl and Pr are the left and right projectors. Vckm, Mq, and Kg are 3x3 matrices 
in havor space. Vckm is the CKM matrix, the matrices Mq with q = u,d are the diagonal 
quark mass matrices of the up and down sector, and the matrices Kg are given by 


Kq = w\]^'> -vy^Xf\ (6.75) 

with q = u,d. 

With these interaction terms and the mass terms of the auxiliary helds which are given 
in Subsection 15.4.21 we calculate the two-point proper vertices. In the calculation we also 
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r=u,c,t r=d,s,b 



s=u,c,t s=d,s,b 


Figure 6.1: Diagrammatic representation of the contributions to the neutral two-point proper 
vertices. 


use the fine-tuned first derivative conditions found in Subsection EO For the neutral 
sector the relevant diagrams are shown in Fig. 16.11 The related proper vertices are given 
by 




iN 


AclS? f 

S-+ 2 


87r2(x;2 y^2) I \ v^ w"^ 


+ ml log Ay ml - E®) 


2 = 1 


- 2,TO7Je((Ef - 


r,s=l q=u,d 


(6.76) 


T ((-^g)rs(-^g)sr T (-^g)?’s(-^g)sr) 


where the minus sign in the last term corresponds to and the plus sign to fF ^2 (^ 2 . 

The matrices are dehned by 


^(0) 


x{2)Dl)t 
An An 


0 

(l)tx(2) 




d 


(6.77) 





(bt 




for i = 1, 2. 


(6.78) 


Further neutral proper vertices are given by 
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ip^) 

iTG,G{.P^) 

^r<^2,G(p^) 

(p^) 


2iN 


sXm[{Kq)rs{Kq)sr]I{ml,ml-,p^), (6.79) 

' r,s=l q=u,d 


2iN 


87r‘^(v‘^ + w'^) ^ 
^ ' 1=1 


{p^ - Amj)mf I{mj, ml, p^), 


2iN 


87r‘^{v‘^ + w'^ 


iN 


2 2 j! 2 2 2\ 

■P 2^ rn-i ), 


(6.80) 

( 6 . 81 ) 


2=1 


87t‘^(v‘^ + wl ^ 
^ ' 2=1 

iN 


Y - 4m.) y/2mi TZel^Ku/dlii] I (ml ml, pi, {Q.82) 
2=1 

6 

87r2(y2+ y;2yP^ Y1 '^mi'T^l{Ku/d)n]I{mlml,pl, (6.83) 

iN ^ 

^-— Y V2miIm[{K^/d)ii] I{mlml,pl, (6.84) 

^ ' 2=1 


iN 


87r‘^(v‘^ + wl ^ 
^ ' 2=1 


Y (4m. -p^) A/2mi Jm[(iC„/d)ii] J(m.,mi;p^),(6.85) 


where in Eqs. fl6.82j) - ()6.85j] K^/d stands for Ku for f = 1, 2, 3 and for Kd for f = 4, 5, 6. 

In the charged sector the three relevant two-point proper vertices, with associated 
diagrams shown in Fig. 16.2L are given by 


*r^+,^-(p^) 


2iN cA2 /m;2 ^2 

87r2(n^ -f wl sin^ r/ \ 

167r^(n^ -p wl ^{KlycKM)rsiycKM^'ls'r \_J{'^si^r'iP ) + 2m^] 

r=UyC,t 

s=d,s,6 


+ {VcKMKl)rs{KdVlj^j^^)sr [J{ml ml pi + 2ml\ 
\{^u^CKM)rs{^d^CKMl^ 4~ li'sl^CKM^u)^ 

( 6 . 86 ) 
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r=u,c,t 



s=d,s,b 


Figure 6.2: Diagrammatic representation of the contributions to the charged two-point proper 
vertices. 


r=u,c,t 

s=d,s,b 

(6.87) 


2\ —xN ^—V , xf/t \ / 22 2\ 

^r^+,G-(p ) = iq^ 2(^^2 ^^2-^ [VGKMjrs J(m,, p ) 

( 6 . 88 ) 

s=cZ,s,6 

where defined by 

J{ml,ml]p'^) = m^logA^/m^ -m^logA^/m^ - (p^ + - ml) I{7X11,7711]p^), (6.89) 

vanishes at = 0. 

In all the two-point proper vertices the quadratic divergences cancel. As expected, the 
neutral and charged Goldstone bosons correspond to eigenvectors of the proper vertex 
matrix at = 0 with vanishing eigenvalues. Besides these three Goldstone bosons there 
are three neutral and one charged Higgs particles. The masses of these particles are 
roughly ~ 2mq. We hnd that one neutral mass is ~ 2mt and the rest of the Higgs masses 
are much smaller. 
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Chapter 7 

Compositeness Condition and 
Renormalization Group Analysis 


If the scale associated with the new four-fermion interactions is much higher than the 
scale of EW symmetry breaking, i.e. A 3> n, it is possible to make a (perturbative) 
renormalization group (RG) analysis of the theory. This analysis leads to much better 
predictions for the top-quark and Higgs-boson masses than the crude NJL approach be¬ 
cause it includes effects of the gauge boson interactions which become important at the 
EW scale. In this Chapter we first review the compositeness condition and the related 
RG analysis for the one-Higgs doublet case. After that we consider the case of having 
two composite Higgs doublets which is relevant for our model. Finally we mention the 
possibility of including Majorana neutrinos. 

In Chapter |3] we rewrote the four-fermion interaction £45 in terms of auxiliary helds 
with the quantum numbers of the Higgs boson. We saw that for a range of values of 
the coupling constants G it is possible to rewrite the theory with the help of only one 
(auxiliary) Higgs doublet. The condensation of this held provides all quarks with masses. 
In the following analysis, however, we neglect fermion masses other than ruf. In the 
unitarity gauge the Lagrangian of the theory (without including gauge bosons) is given 
by 


^ (7.1) 

where £kin denotes the fermionic kinetic term and the coupling constant Gt of the four- 
fermion interaction is given by Gt = (see Eq. (I3.2j) b The Lagrangian is 

dehned at the scale /i, with all held components related to higher scales being integrated 
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out. 

The Lagrangian given in Eq. (EU is very similar to the one of the SM (neglecting 
gauge bosons and fermion masses other than rrit). The only difference is that in our case 
the running parameters are constrained at the scale A: The held 0 has neither a kinetic 
term nor a 0^ self-interaction term at this scale. This is known as the “compositeness 
condition”. 

However, when integrating out high momentum degrees of freedom of the helds, the 
0 kinetic and self-interaction terms are generated. At energies /i < A, 0 becomes a 
dynamical held. As we see in Chapter EJ this held describes a scalar particle with mass 
of about 2mt. The Lagrangian at energies lower than A is then given by 

+ izH0^0 d^(t) - ^m^0^ --^U(j)- ^0^ (7.2) 

where Z^, gt, and A are running couplings. The and t^-helds possess also wave- 
function normalization constants Zti and Z^ji, respectively. They are equal to one in our 
approximation (gauge couplings being turned oh and N oo). 

The compositeness condition is given by 

Zh = X = 0, (7.3) 

at /i = A. Besides we have at this scale 

= gt = gto- (7.4) 

By calculating the Higgs two- and four-lPI point functions (see Eq. dOHD) we obtain 
the running couplings as a function of the scale /i: 


o2 jy 

Zh{iA ~ logAVA^ 

m^(/r) (7,5) 

^(a) ~ logAVh^. 

The running parameter m\{g) receives a quadratic contribution from the fermion loop. 
This contribution makes negative if Gt > Gent = 87r^/(A^A^), leading to EWSB. 

We recover in this way the critical coupling Gcrit found in Chapter El 







95 


Before we make the crucial step of abstracting the compositeness condition for the 
Higgs boson given in Eq. (Q to boundary conditions in a perturbative RG analysis, 
it is convenient to change the normalizations of the helds. The RG equations are nor¬ 
mally written using different held normalizations as in Eq. (Q. In the conventional 
normalization the fermionic and bosonic kinetic terms are normalized as in the free the¬ 
ory. We redehne the helds in order to apply the RG equations written in the conventional 
normalization: 


tR 


0/ 

th/\/ ZtL, 
^r/ \/ZtR. 


The Lagrangian is now given by 


(7.6) 


= £12 + \s,4> ir4> - ^ tt4, - 

where the overbar stands for the parameters in the conventional normalization: 


(7.7) 


m 


TUh = 


H 




9t = 

A = 


9t 

V ZnZtLZtR 



The compositeness condition Eq. (ESI) is now given by 


Qt —^ CX), 

A/s? —► 0. 


(7.8) 


(7.9) 

(7.10) 


as /i ^ A. 

Now we demand Eqs. dZH) and (I7 :tud to be the boundary conditions for the pertur¬ 
bative RG equations of the full theory. The one-loop (3 functions of the SM (neglecting 
light quark masses and mixing angles) are given by 
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1C 2 % 

-w 

/So 2 9 2 17 2\ 

= {-^9t-8g3-^g2-Y^9i]9t, 

(7.11) 

1C 

TV 

= -Cifi, 

(7.12) 

2 9.'. 

= l2{\^ + [gl-A)\ + B-gt), 

(7.13) 


where t = log/i and gi, i = 1,2,3, are the gauge running coupling constants. The 
coefficients Cj, A, and B are given by 


Cl = -41/6, C2 = 19/6, C3 = 7, 

4 1-2 3_2 „ 1-4 1-2-2 3 _4 (7.14) 

^-|5'i + |5'2) ^ 8 16^^' 

In the original works in inni, the RG equation related to the variable rrijj was not used 
in order to hnd its low energy value m|^(0). Instead of that, motivated by the results 
obtained with the NJL approach to the model, it was assumed that at /i = 0 takes the 
necessary negative value in order to break the EW symmetry and to lead to the observed 
gauge boson masses, i.e. v = 246 GeV. We follow the same reasoning here. 

First we consider the RG equation for gt, Eq. (I7T1D . with the boundary condition 
gt —>■ oo as —!■ A. Solving this equation yields the running coupling gt{g) and hence a 
prediction for the top-quark mass. This is given by rrit = gt{mt)v/ \/2, with v = 246 GeV. 
If gt is much bigger than the gauge couplings we can approximate Eq. (I7mi to 




dgt 

dt 



(7.15) 


This equation shows that starting at a scale /i ~ A with a big value of gt, this parameter 
decreases rapidly when evolving towards the infrared. For numerical computations a large 
but hnite value of gt is chosen at the compositeness scale A. Because of Eq. (TrTHll . the 
Landau pole is assumed to be located very near to this point. 

Once gt gets of the order of the gauge couplings the strong coupling g^ becomes also 
important. Taking it into account we obtain 
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A (Gel/) 

10i9 

10^'^ 

10^^ 

10^^ 

10^^ 

10^^ 

10^ 

10« 

lo'-' 

10^* 

10^ 

10^ 

TTit (Gel/) 

218 

223 

229 

237 

248 

255 

264 

277 

293 

318 

360 

455 

thh (Gel/) 

239 

246 

256 

268 

285 

296 

310 

329 

354 

391 

455 

605 


Table 7.1; Predictions for the top-quark and Higgs-boson masses using the SM one-loop 
RG equations and the compositeness condition for the Higgs boson at the scale A. 

From this equation we see that the SM infrared attractive hxed point inaiMi is approxi¬ 
mately given by the condition 


1 fi 

( 7 . 17 ) 

The solution of the RG equations are attracted to this point. Its location is modihed once 
one considers all gauge couplings and their evolution equations. The hxed point makes 
the low-energy prediction for gt stable against variations of the scale A. Solving the full 
one-loop RG equations for gt numerically, one obtains predictions for the top-quark mass 
Hj. These are shown in Table [TH] for different values of the scale of new physics A. 

Now we turn to the evolution of A. This leads to a prediction for the Higgs-boson mass 
which is given by ruh = v\/X{mh). For big values of A and gt it is possible to neglect gauge 
couplings in Eqs. (17m and (17m . From these two equations we obtain the following 
evolution equation for X/gt'- 

with x± = (—1 ± v^^)/8. This indicates the presence of an infrared attractive hxed 
point located at X/gt = a:+ ~ 0.88 (besides an ultraviolet attractive hxed point located 
a.t X/g/ = X- ^ —1.33). As for the running coupling gt, this ultraviolet hxed point makes 
the low-energy prediction for X/g/, and therefore for A, stable against variations of A 
and against variations of the initial value (at /i ~ A) of the ratio X/g/, as long as the 
trajectories correspond to the infrared hxed point. Numerical results for the Higgs-boson 
mass are shown in Table o 

We make now some comments about the validity of the approach. The RG equations 
which we use are obtained perturbatively and thus valid only for small values of the 
coupling constants. On the other hand our boundary conditions, Eqs. dH and (17m . 
demand values of the coupling constants far away from this regime. This in principle 
invalidates the whole analysis. However, using the perturbative RG equations we see 
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that only for a small “running time” the coupling constants are not in the perturbative 
regime. In addition, the predictions of the model are robust due to the presence of infrared 
attractive hxed points. Lattice simulations also in general conhrm the results of the one- 
loop RG analysis for the case when the trajectories correspond to these hxed points Ei- 
Due to these considerations it is believed jS] that the non-perturbative effects are small 
and that the whole approach is reliable. 

Unfortunately the predictions of the model are phenomenologically not acceptable. In 
order to get the right value for the top mass the energy related to the appearance of new 
physics A should be (by extrapolating Table I7.1|l much bigger than the Planck scale. 

Next we consider models including a second Higgs doublet. The RG equations related 
to these models allow to obtain a top mass rrit ~ 180 GeV and lead to predictions for 
the Higgs-boson masses which are phenomenologically acceptable. The following analysis 
corresponds to a perturbative RG treatment of the model we studied in Ghapter IHl The 
original four-fermion interaction given in Eq. (10 can, for a range of values of the 
coupling constants G, be rewritten with help of two auxiliary Higgs doublets as shown in 
Eq. ()f).2|l . In analogy to Eq. dO, in this case the low-energy Lagrangian is given by 


-^Yukawa ^7 

where, neglecting Yukawa interactions related to the hrst and second quark generation, 

Yukawa IS giveu by 

2 

Gvukawa = - ( 9? ^LtR + hf e“ + h.c. ). (7.20) 

i=l 

The Higgs potential V is given by (see Section EH) 

+ + [A5(i7Wt^(2))2 ^ Ag(i7(i)t^(2))(^(i)t^(i)) (7.21) 

+ + h.c.]. 

The compositeness condition for the two Higgs doublet model is given by the generaliza¬ 
tion of Eq. (j7.d|l : 


Zhi = Zh2 = Ai = 0, 


with z = 1,..., 7, 


(7.22) 
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aX jjL = k. Besides, at this scale the Higgs mass parameters and Yukawa couplings are 
hnite. 

As far as we know the compositeness conditions have not been studied in a RG group 
analysis of the general two Higgs doublet model given in Eq. duni)- Only a special case, 
the two Higgs doublet type H model has been studied [HHl EOl [TH [721 ESI. The fact that 
in the type H model acceptable top-quark and Higgs masses can be obtained, strongly 
support that in the general case which correspond to the model studied in Chapter |S1 this 
is also the case. The Lagrangian of the two Higgs doublet type H model is given by 

r'**' = £“ + d‘‘H, + ZnAHl 

- - AiHlA + h.c.) + - K 

where ju^, /i^, and are the Higgs mass parameters. The helds Ht, Hi, are linear combi¬ 
nations of the helds HH ^ The Yukawa interaction is given by 

/^Yukawa = -{dt H, + h, 6^^ H^* + k.c. ). (7.24) 

The held Ht couples only to the quark held while the held Hi, couples only to the 
quark held leading to FCNC suppression. 

At the scale A the Lagrangian of the theory almost respects the PQ symmetry (see 
Section lh.d.2|l . Only the term proportional to /i^j, explicitly violates it. In a mass indepen¬ 
dent renormalization scheme the RG equations for the dimensionless parameters do not 
depend on and therefore these parameters evolve as if the PQ symmetry were exact. 
In this way some parameters of the Higgs potential are zero (A5 = Ae = A7 = 0) for all 
energies^ /i < A, simplifying the analysis. 

An important point arises by the dehnition of the compositeness condition as a bound¬ 
ary condition for the RG analysis. In the conventional normalization the conditions for 
the Yukawa couplings are gt, h;, —> cx) as /i —A. As we mentioned before, in the numerical 
calculations large but hnite values are chosen for the diverging couplings at the composite¬ 
ness scale A. It happens, however, that low-energy predictions, in particular the top mass, 
are very sensitive to the ratio gt{k)/hi,{k). For example for^ gt{A)/hi,{A) = 1, values for 
rrit which are about 10% lower than the ones of the one Higgs doublet analysis (Table 
mi) are obtained IHB]. These top mass predictions are still too high in order to be phe¬ 
nomenologically acceptable. Nevertheless, allowing other values for the ratio gt{A)/hi,{A) 
a realistic top mass can be obtained EOl EH ESI, see also [SI. For example choosing a 


^ Note that the previous argument relies strongly on the applicability of the one-loop RG equations at 
all energies. 

^For arguments supporting this choice see j^. 
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Higgs VEV ratio Vu/vd = 0.5, 1.0, or 5, a top mass rrit k. 180 GeV is found (with different 
values of the scale A for each Higgs VEV ratio) [73]. In this calculation the boundary 
conditions at the scale A are given by Z„(A) = 0 and ^d(A) ~ 1. The Yukawa couplings 
in the conventional normalization are related to the Higgs wave-function normalization 
constants by the relations gf ~ l/-^t and hi ~ l/Zj,. Thus both Yukawa couplings become 
non-perturbative but not exactly at the same point^. Predictions^ [331 for the masses of 
the 5 physical Higgs particles for A = 10^^ GeV and the parameter a = 0.012 (see |66p 
are given by 


rriHi = = 230 GeV, 

rriH^ = 270 GeV, (7.25) 

mH± = 350 GeV. 

Another possibility investigated in the literature consists in including Majorana neu¬ 
trinos |711|7S|. The essential idea of these models is the following. One assumes a four- 
fermion interaction that involves not only quarks but also leptons, and large Majorana 
mass terms for the right-handed neutrinos. For critical four-fermion couplings, conden¬ 
sation of neutrino bilinears (and also of top-quark bilinears) occurs. In this way Dirac 
neutrino mass terms of the order of the EW scale are dynamically generated. Then by 
means of the see-saw mechanism small physical neutrino Majorana masses are obtained. 
The compositeness condition has been studied in models of this type considering one and 
two Higgs doublets izmisi. The RG equations are modified in comparison to the ones we 
considered before, due to the presence of the large Dirac neutrino mass terms (and hence 
large neutrino Yukawa couplings), and due to the inclusion of the dimension 5 Majorana 
neutrino operator. The value of the top mass is obtained in models having one or two 
Higgs doublets. In the one Higgs case the value of the Higgs mass is predicted to lay 
between 170 GeV and 195 GeV, for A = 10^® GeV and for values of the see-saw scale 
between lO^'^ GeV and 10^®'^ GeV. 


^Due to the fact that Zd{A) is not zero, doubts about the composite nature of the Higgs doublet Hd 
can arise |H|. However it is difficult to give definitive statements about that, because at this scale the 
perturbative treatment is not fully reliable. 

^Corrections due to heavy Higgs boson threshold effects were not taken into account. 
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Chapter 8 

Summary and Conclusions 


We studied in this thesis top-condensation models of electroweak symmetry breaking. 
In these models a four-fermion interaction term involving SM fermions is postulated at 
some high energy scale which we called A. The strong, attractive four-fermion interaction 
induces the formation of color-singlet fermion-antifermion bound states, in particular in 
spin-zero states which correspond to composite Higgs bosons, and their condensation. 
These condensates transform non-trivially under SU{2)l x U{1)y transformations and 
therefore break the EW symmetry. As a consequence gauge bosons and fermions acquire 
masses. The major goals of this type of models are to explain the origin of the EW scale, 
to dynamically generate the gauge boson and fermion masses, and, as we investigated 
in this thesis, to generate quark mixing angles and the CP violating phase of the CKM 
matrix. Specihcally, we started with a CP-invariant Lagrangian, and we showed that in 
our model the CP-violating phase of the CKM matrix was generated through complex 
VEVs of the composite Higgs helds. 

In order to study top-condensation models the NJL approach is widely adopted in the 
literature. In this thesis we applied this method first to models involving only quarks of 
the third generation, and then to the physically relevant model with three quark genera¬ 
tions. 

Two possible scenarios concerning the origin of the four-fermion interaction term can 
be considered. In the traditional one, one starts with a non-abelian gauge theory at 
very high energies P 3> A which becomes strongly-coupled at scales ~ A. For energies 
below A the new interaction is effectively described by operators constructed with the 
fields corresponding to the light (mpartide < A) degrees of freedom of the theory. The 
new interaction must violate the flavor symmetry, i.e. must be non-universal, in order 
to generate the observed fermion mass pattern. Topcolor models [21] are examples of a 
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theory of this type. 

At low energies the most important non-renormalizable operators are the ones having 
the lowest mass dimension. Therefore dimension-six four-fermion operators were consid¬ 
ered. Besides, only four-fermion operators made of (pseudo)scalar fermion bilinears were 
taken into account (they lead to (pseudo)scalar composite helds), ignoring the ones made 
of (axial)vector fermion bilinears. Note that the distinction between (pseudo)scalar and 
(axial)vector bilinears is ambiguous due to Fierz identities. 

In the second scenario the four-fermion interaction term acquires a more fundamental 
status. It is assumed that the SM with the Higgs sector being replaced by a general 
dimension-six four-fermion interaction is a (non-perturbatively) renormalizable theory 
[30] . This is the case if one or more non-Gaussian ultraviolet stable hxed points are es¬ 
tablished beyond the point-like approximation [30] . 

In this thesis the four-fermion interaction term was used as a starting point. Therefore, 
besides the four-fermion and the SM gauge couplings, the scale A at which the whole 
Lagrangian was dehned, is also a parameter of the theory. If A is much bigger than the 
electroweak scale, complementary to the NJL approach a perturbative RG analysis can 
be made. This method, which incorporates the SM gauge interactions, provides reliable 
values for the top-quark and Higgs-boson masses. In this approach the information that 
composite Higgs doublets appear at the scale A is encoded in the compositeness condition. 
This condition is used as a boundary condition at the scale A in the RG analysis. 

In the two-Higgs doublet type H model the RG analysis leads to phenomenologically 
acceptable Higgs masses, with values of about 230 GeV and higher (see end of Ghapter 
El). In addition the correct mass of top quark is obtained if the ratio of the Yukawa 
couplings at the scale A is taken different from 1. These results strongly support that 
for the general two-Higgs doublet model the compositeness condition in a RG analysis 
also leads to phenomenologically acceptable mass values. If the GP-violating phase of the 
GKM matrix is spontaneously generated by the condensation of two-Higgs doublet helds, 
then this necessary happens within the general two-Higgs doublet model. 

To have a very high scale A is, however, not very attractive because the theory suffers 
from hne-tuning in exactly the same way as the SM. Another important point is the 
one related to the distinction between fundamental and composite Higgs particles. If the 
compositeness scale A is very high, the composite nature of these particles cannot be 
directly verihed by experiments in the near future. 

A more interesting possibility is to have a scale A not very much higher than the 
EW scale, A ~ 5 — 10 TeV. In this case no hne-tuning problem appears. Besides, the 
generation of the scale A could be explained from dimensional transmutation. This would 
solve the hierarchy problem. A perturbative RG analysis cannot be justihed in this case. 
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Topcolor assisted technicolor [37], and top-qnark see-saw [211123 are examples of theories 
of this type. In these theories the NJL approach is widely nsed. 

We fonnd that if the dimension-six fonr-fermion Lagrangian inclndes only qnarks of 
the third family, then spontaneous CP symmetry breaking does not occur. This model 
possesses three four-fermion coupling constants. We considered the case where the EW 
symmetry is spontaneously broken, giving both the top and bottom quarks their respec¬ 
tive masses. We distinguished between two possibilities. For Gtb = 0 the Lagrangian has 
a Peccei-Quinn symmetry and therefore the theory predicts an axion. An axion related to 
the EW scale is, however, ruled out. For Gtb 7^ 0 the spectrum of the theory includes only 
one scalar Higgs particle with mass about 2mt. It corresponds to a one-Higgs doublet 
model and not to a two-Higgs doublet model as one could naively assume. In this model 
there are modes which are associated with masses of order A, which is, however, the upper 
limit of the validity range of the model. Therefore these modes cannot be interpreted as 
particles. 

Finally we summarize the results obtained in a model with a dimension-six four-quark 
interaction term involving the three quark generations. All four-fermion couplings were 
considered to be real in order to have a CP-invariant Lagrangian. We restricted our 
analysis to the case where the theory can be rewritten in terms of two auxiliary Higgs 
helds. In this case the number of independent four-quark coupling constants is 36. We 
found by means of a self-consistent approach a range for the four-quark couplings where 
spontaneous CP symmetry breaking occurs together with EWSB. Specihcally, complex 
VEVs of the two composite Higgs doublets lead to a realistic CP-violating CKM matrix. 
Besides, masses for all quarks and weak gauge bosons are generated. We also showed that 
the vacuum respects the electromagnetic P(l) symmetry. 

The model predicts hve physical spin-zero bound states: three neutral composite Higgs 
bosons and one charged boson and its charge conjugated state. The masses of the compos¬ 
ite Higgs bosons were also calculated leading in part to very low (non-acceptable) values. 
Using the Nambu-Jona-Lasinio method, we obtained for one neutral state a mass value 
of about 2mt. However, the masses of the other states obtained with this approximation 
turn out to be unacceptably low. This is not surprising because this approximation which 
is the method of choice for investigating the ground state of the model is not reliable for 
calculating the Higgs masses, because the effect of SM gauge interactions is not and the ef¬ 
fect of Higgs self-interactions is only partly (i.e. only the part induced by fermion loops in 
the N ^ oo approximation) taken into account. If A is very high the RG analysis, which 
incorporates these interactions, provides a more reliable prediction for these masses. As 
we saw an analysis of this type leads to acceptable Higgs boson masses. In models with A 
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being not too much higher than the EW scale, theories like topcolor assisted technicolor 
provide a mechanism for increasing the value of the composite Higgs boson masses |27j . 

Another aspect of our model is related to flavor-changing neutral currents (FCNCs). 
We saw that Higgs mediated FCNCs are necessarily present if the CP-violating CKM 
phase is spontaneously generated. On the other hand FCNCs are strongly constrained 
especially in the down-quark sector. It is possible, however, to construct a model having 
non-diagonal Yukawa matrices only in the up-sector. An open question is whether a model 
with FCNC connected only to the top quark (or better, only between the top and charm 
quarks) can be consistent. More importantly, the question how FCNCs are suppressed in 
top-condensation models remains open. 
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Appendix A 

Surface Terms in the Spherical 
Cutoff Regularization 


In this Appendix we show, using as example the minimal scheme treated in Chapter El 
how surface terms affect the position of the poles in some correlation functions. In partic¬ 
ular we see that the mass of the composite Higgs boson is ambiguous, while the Goldstone 
bosons remain massless, as they should. 

A Feynman integral defined with a spherical cutoff as regulator, is in general not invari¬ 
ant under a shift of the integration variables. Convergent or logarithmically divergent 
integrals are invariant under this operation, while linearly or more than linearly divergent 
integrals are not. In this case additional surface terms appear j4b| 147] . For linearly and 
quadratically divergent integrals the following surface terms appear 


dH 




dH 


ip^ 


(27r)4 ((/-p)2_a2)2 

r dH 1 

J {l-py-a^ 


(27r)4 (/2-a2)2 327r2’ 

dH 1 


ip 


(27r)^ /2 _ q 2 327r2 


(A.l) 

(A.2) 


We now calculate the poles of the correlation functions (calculated in Section ESI), con¬ 
sidering this time the surface terms. In the scalar channel the loop integral A dehned in 
Eq. (I3.17j) is in general given by 


dH f i i 

(27r)^ -a^ -rut / -F (1 - a)^ - rrit 

where the value of a in the loop, see Fig. EH is not determined by the theory. For a 
regulator which allows a shift in the integration variable I there is no ambiguity in the 



(A.3) 
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definition of Ig, bnt in the case of a spherical cntoff regulator the integral Ig depends on a. 
Using Eq. (IA.2jl we obtain a new expression for the scalar four-point function (assuming 
that all the momentum loops in Fig. Id.dl have the same a-prescription) 


with 


iMg = 




2N \ A(a)p2 + (p2 _ 477i2^_B(p2j 


(A.4) 


and 


A(a) 


1 — 2Q! -P 2Q!^ 

d2^^2 


dH 1 

(27r)"^ [P — -\-pY — ml) 


c(p^)log(AVm^), 


(A.5) 

(A.6) 


with c(p^) > 0. Because A(a) is always bigger than l/(647r^) the pole in (IA.4f) is never 
at p^ = 4ml. The position of the pole is now given by 


p 


2 


4m^ 



c(p2) \og(A'^/ml) 


-1 


(A.7) 


The mass of the composite boson is therefore always smaller than 4ml if one takes surface 
terms into account. 

Now we turn to the other channels, which are associated with the Goldstone bosons. The 
pseudoscalar amplitude is given now by 


2Ap2 (A(a) + S(p2)) • 

One sees that the position of the pole does not change. Finally in the charged channel we 
End that the position of the pole also remains at = 0. After summing the geometric 


/ + (1 — a)p 



Figure A.l: a dependence of the momentum flow in the internal lines. 
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series we obtain (see Fig |3.3|) 


iAir = 


iGt 


1 + 


iG,NIr 


-1 


The integral G is now given by 


(A.9) 


h = 


dH 

W) 


- tr ( (1 + 75 ) 


-( 1 - 75 )- 


dH 


f — a]^ — rrit / + (1 — a 

,. n . , , f dHdx 
+ Atp^A{a) + ' 


j ( 27 r)^ P — ml ' ^ ^ ' J ( 27 r)^ {P — xm^ + x{l — x)p^Y 

where we introduced a Feynman parameter x. Replacing G in Eq. (IA.9f) we obtain 

dH dx 


(A.IO) 


iA4c = 


—I 


A(q!) — 2i 


X 


-1 


(ATI) 


j (2 'kY {P — xml + x{l — x)p^Y ^ 

In conclusion, taking the surface terms (Di) and (|I3) into account does not alter the 
position of the poles at = 0 in the pseudoscalar and charged amplitudes. However, in 
the scalar amplitude the position of the pole changes. 
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